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ABSTRACT 
 
 Data envelopment analysis (DEA) is a well-Known method in efficiency evaluation of a set of decision 
making units (DMUs) such as organizations and banks. An advantage of DEA technique is selection of weights 
at random. Weight selection is of crucial importance in efficiency evaluation. In this regard, it is important to 
employ models that have more freedom in selecting weights. One such model is the ratio based DEA (DEA-R) 
model, which avoids efficiency underestimation. In this paper, we present a new DEA-R-based model and 
calculate network efficiency. We show that this new model is more suitable compared to previous models, as the 
scores obtained by this model for overall efficiency and the efficiencies for individual components are greater 
than or equal to those obtained by previous models.   
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Introduction 
 
 Data envelopment analysis (DEA) is a tool for 
measuring the relative efficiency of a set of decision 
making units (DMUs) which involve multiple inputs 
and outputs. In conventional DEA models, the 
performance of a DMU is considered as a ratio of 
weighted sum of outputs and weighted sum of inputs 
[2]. In real applications, a DMU may be 
characterized by a multistage processes, as examples 
of which one can mention supply chains and many 
manufacturing processes. In such situations, 
conventional DEA models cannot by employed for 
evaluating the efficiencies of DMUs. The DMUs are 
considered as a black-box in traditional DEA models 
and intermediate products or linking activities are not 
taken into account. Efficiency is, thus, is obtained 
based on initial inputs and end products. For 
instance, many companies are composed of several 
divisions, each of which uses its own inputs to 
produce its own outputs. Meanwhile, a division may 
use outputs of other divisions (called linking 
activities or intermediate products) as its inputs. In 
conventional DEA models, each activity is 
considered as either an input or an output but not 
both. For evaluation, each stage should be taken into 
account separately, and we can consider the 
efficiency of each stage separately as a function of 
the inputs and outputs of the stage. Considering the 
interrelation between the processes, conventional 
DEA models cannot be utilized to obtain the overall 
efficiency and efficiency of single processes. 

Therefore, to resolve this problem, network DEA 
models are introduced, in which the overall 
efficiency of 𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷 is evaluated as function of the 
efficiency of its divisions. See for examples: (Tone 
and tsutsui [19], Castelli et al [1], Fare and 
Grosskopf  [10], Chen et al [3], Chen et al [5], Chen 
[6], Lozano [16], Liang et al [14], Tone and tsutsui  
[19], used the network SBM model to obtain the 
overall efficiency by using the efficiencies of single 
components. They expressed overall efficiency as the 
weighted sum of the component efficiencies, where 
weights indicated the perceived  importance of the 
components. Cook et al [8], studied the efficiency of 
two-stage networks, in which the outputs of the first 
stage are used as inputs to the second stage. They 
provided models to obtain the efficiency of 
individual components and showed relationship 
between overall efficiency and the efficiency of the 
first and second stages. They also compared their 
results with those previous studies. Cook et al [7], 
dealt with multistage structures, in which some 
outputs may leave the system while others are used 
as inputs to the next stage. New inputs can also enter 
the system at any stage. They then extended their 
approach to general network structures. They 
expressed the overall efficiency as an additive 
weighted average of the efficiencies of the individual 
components that make up the structure. Recently, 
some papers have focused on DMUs appearing as 
two-stage processes. Seiford and zhu [18], for 
instance, examined the profitability and marketability 
of us commercial banks as a two-stage process. They 
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measured profitability in the first stage using labor 
and assets as inputs and profits and revenues as 
outputs. These two stage outputs are then used as 
inputs in the second stage for marketability, and 
market value, returns and earnings per share are 
taken as outputs. Chen and zhu [18], used the 
network structure to evaluate the performance of 
bank branches. Kao and Hwang [11], Kao [12], Kao 
[13], developed network models. Kao [13], presented 
a model to calculate the efficiency of parallel 
systems. In his model, the inefficiency slack of the 
system can be decomposed into the inefficiency 
slacks of its model. Kao [12], developed a relational 
model to obtain the efficiency of series, parallel, and 
mix networks.  
 Component units. Moreover, the efficiency 
obtained by his model is smaller than that calculated 
from the conventional DEA. He used multiplier 
models to evaluate the efficiency of network 
structures. DEA is one of the best-known methods of 
efficiency evaluation owing to its advantages in 
weight selection. The importance of weight selection 
has given rise to many research papers. An 
inappropriate selection of weights results in 
underestimation of the efficiency of DMUs. 
Regarding the importance of efficient vs. inefficient 
DMUs, an appropriate selection of weights lead to 
more DMUs being determined as efficient. Tracy and 
chen [20], suggested that weight hypothesis may lead 
to underestimation from additional weight 
restrictions. The CCR model [2], base on uy vx⁄  and 

vx uy⁄  inherently contain weight restrictions. 
Moreover, an unreasonable and unnecessary weight 
hypothesis would lead to efficiency underestimation 
of DMU by the CCR model. Regarding the above 
discussions, output-oriented ratio-based DEA (DEA-
R-O) models were introduced by Despic and Pradi 
[9]. Later, Wei et al [21], provided input-oriented 
DEA-R (DEA-R-I) models. They showed that the 
efficiency calculated by their proposed model is 
greater or equal than that obtained by CCR model, 
and determines a larger number of DMUs as efficient. 
Considering the advantage of DEA-R models over 
the CCR-based models, we evaluate the efficiency of 
networks by DEA-R models. The rest of this paper is 
organized as follows. In section 2, we discuss DEA-
R-I models. In section 3, we deal with series 
networks, and we propose our model, the DEA-R 
network model, in section 4. In order to compare our 
proposed model with previous models, we provide an 
illustrative example in section 5. Finally, the results 
are summarized and some conclusions are provided 
in section 6.  
 
DEA-R-I Model: 
 
 Owning to the lack of any suitable input-
oriented models for situations involving weight 
restrictions on single  𝐼𝐼 𝑂𝑂⁄  pairs, Wei et al [22], 
presented the following model for evaluating 
efficiency and deriving the input-oriented strategy. 

 
𝑥𝑥𝑖𝑖𝑖𝑖 : ith input variable of the jth 𝐷𝐷𝐷𝐷𝐷𝐷 �𝐷𝐷𝐷𝐷𝐷𝐷𝑖𝑖�,  
𝑥𝑥𝑖𝑖𝑖𝑖 : ith input variable of the 𝐷𝐷𝐷𝐷𝐷𝐷 under evaluation (𝐷𝐷𝐷𝐷𝐷𝐷𝑖𝑖)  
𝑦𝑦𝑟𝑟𝑖𝑖 : rth output variable of the jth 𝐷𝐷𝐷𝐷𝐷𝐷 �𝐷𝐷𝐷𝐷𝐷𝐷𝑖𝑖 �, 
𝑦𝑦𝑟𝑟𝑖𝑖 : rth output variable of the 𝐷𝐷𝐷𝐷𝐷𝐷 under evaluation (𝐷𝐷𝐷𝐷𝐷𝐷𝑖𝑖)   
wir : The weight of the ratio of  the  ith  input  variable  xi

the  rth  output  variable  yr
 . 

𝐷𝐷𝑀𝑀𝑥𝑥 θ  

s.t.       ∑ ∑ 𝑤𝑤𝑖𝑖𝑟𝑟𝐷𝐷
𝑟𝑟=1

𝑚𝑚
𝑖𝑖=1  �

xij yrj⁄
xio yro⁄� �   ≥  θ     𝑖𝑖 = 1, … ,𝑛𝑛,                                                 (1) 

 
                ∑ ∑ 𝑤𝑤𝑖𝑖𝑟𝑟𝐷𝐷

𝑟𝑟=1
𝑚𝑚
𝑖𝑖=1  = 1,  𝑤𝑤𝑖𝑖𝑟𝑟  ≥ 0,  𝑖𝑖 = 1, … ,𝑚𝑚,  𝑟𝑟 = 1, … , 𝐷𝐷,  𝜃𝜃 ≥ 0.   

 
 For each 𝐷𝐷𝐷𝐷𝐷𝐷 under evaluation, the model first 
calculates the relative efficiency score for each 
specified weight and selects the smallest score as the 
efficiency score corresponding to this set of weights. 

The model then adjusts the weights and determines 
the maximum score as the efficiency score of the 
𝐷𝐷𝐷𝐷𝐷𝐷 under evaluation. Consider, for instance, the 
data in Table 1 that is used by Wei et al [23]. 

 
Table 1: Input and outputs. 
𝐷𝐷𝐷𝐷𝐷𝐷             Input        output1       output2          efficiency score      
                         x1             y1               y2                    𝜃𝜃 
A                     2                4               3                      0.87 
B                     2                 3              5                      1                  
C                     2                 4.2           4.2                   1                  
D                     2                 5              3                      1                  
 
 For the weight set 𝑤𝑤11=1, 𝑤𝑤12=0, we evaluated the relative efficiency score for DMUA  with DMUA−D  are 
will be calculated as follows:  
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1 × 2 4⁄
2 4⁄� + 0 × 2 3⁄

2 3⁄� = 1.00, 1 × 2 3⁄
2 4⁄� + 0 × 2 5⁄

2 3⁄� = 1.33,  

1 × 2 4.2⁄
2 4⁄� + 0 × 2 4.2⁄

2 3⁄� = 0.95 , and 1 × 2 5⁄
2 4⁄� + 0 × 2 3⁄

2 3⁄� = 0.80. 
 
 Therefore the relative efficiency score of DMUA   
in weight set 𝑤𝑤11=1, 𝑤𝑤12=0 is 0.80, which means that 
if we need one unit of 𝑥𝑥1 from DMUA  to produce one 
unit of 𝑦𝑦1, we need only 0.80 units of 𝑥𝑥1 from DMUD   
to produce one unit of 𝑦𝑦1. By selecting different 
weighting sets, we determine the maximum 
efficiency score, 0.87, corresponding to weights 
𝑤𝑤11=0.652, 𝑤𝑤12=0.348, as the efficiency of DMUA . If 
the objective function value of Model (1) is 1, the 
𝐷𝐷𝐷𝐷𝐷𝐷 is efficient. Model (1) has the following 
properties. [23]. 
1) The efficiency and super-efficiency scores 
obtained by this model are greater than or equal to 
those of the CCR model. 
2) The efficiency scores of the model in the input 
and output orientations are not necessarily equal. 
3) If we have don’t weight restrictions, the input-
target improvement strategy obtained by DEA-R-I 
will be always better than the CCR-I model.  
4) The efficiency of the CCR-I and DEA-R-I 
would be the same in case that DEA-R-I weights are 
concentrated on one output.  
5) Considering the same times of corresponding 
output of targeted 𝐷𝐷𝐷𝐷𝐷𝐷 in every output of the 
referenced 𝐷𝐷𝐷𝐷𝐷𝐷 as an exception, DEA-R-I and 
CCR-I efficiency are expected to be the same when 
DEA-R-I weights are not concentrated on multiple 
outputs.  
6) Replacing CCR with DEA-R to evaluate 
efficiency, we can avoid underestimations and 
weight limit. Consequently, the occurrence of CCR 
underestimations becomes predictable.  
 
Network DEA: 
 
 Consider a P-stage process as shown in Fig. 1. 
𝑧𝑧𝑖𝑖  Denotes the input vector to stage one. 𝑧𝑧𝑝𝑝1 And 𝑧𝑧𝑝𝑝2 
denote the output vectors from stage 𝑝𝑝 (𝑝𝑝 = 1, … ,𝑃𝑃), 

where 𝑧𝑧𝑝𝑝1 indicates the output that leaves the process 
while 𝑧𝑧𝑝𝑝2 shows the amount of output that is used as 
input to the next stage (𝑝𝑝 + 1). Furthermore, 𝑧𝑧𝑝𝑝3 
denotes the new input that enters the process at the 
beginning of stage (𝑝𝑝 + 1). When 𝑝𝑝 = 2,3, …, we 
more specifically define: 
(1) 𝑧𝑧𝑝𝑝𝑟𝑟

𝑖𝑖1 the 𝑟𝑟𝑟𝑟ℎ component �𝑟𝑟 = 1, … ,𝑅𝑅𝑝𝑝� of the 𝑅𝑅𝑝𝑝 -
dimensional output vector for 𝐷𝐷𝐷𝐷𝐷𝐷𝑖𝑖  is not passed on 
as an input to stage 𝑝𝑝 + 1. It following from stage 𝑝𝑝 
and leaves the  process at that stage 𝑝𝑝.   
(2) 𝑧𝑧𝑝𝑝𝑝𝑝

𝑖𝑖2  the 𝑝𝑝𝑟𝑟ℎ component �𝑝𝑝 = 1, … , 𝑆𝑆𝑝𝑝� of the 𝑆𝑆𝑝𝑝 -
dimensional output vector for 𝐷𝐷𝐷𝐷𝐷𝐷𝑖𝑖  is passed on as a 
part of the inputs to stage 𝑝𝑝 + 1, following from 
stage 𝑝𝑝. 
(3) 𝑧𝑧𝑝𝑝𝑖𝑖

𝑖𝑖3 the 𝑖𝑖𝑟𝑟ℎ component �𝑖𝑖 = 1, … , 𝐼𝐼𝑝𝑝� of the 𝐼𝐼𝑝𝑝 -
dimensional input vector for 𝐷𝐷𝐷𝐷𝐷𝐷𝑖𝑖  at  the stage 
𝑝𝑝 + 1, that enters the process at the beginning of that 
stage.  
 Note that in the last stage 𝑃𝑃, all the outputs are 
viewed as 𝑧𝑧𝑝𝑝𝑟𝑟

𝑖𝑖1, as they leave the process. 
We denote the multipliers (weights) for the above 
factors as: 
(1) 𝑢𝑢𝑝𝑝𝑟𝑟  is supposed to be the multiplier for the 
output component 𝑧𝑧𝑝𝑝𝑟𝑟

𝑖𝑖1 following from stage 𝑝𝑝. 
(2) 𝜏𝜏𝑝𝑝𝑝𝑝  is supposed to be the multiplier for the 
output component 𝑧𝑧𝑝𝑝𝑝𝑝

𝑖𝑖2  at stage 𝑝𝑝, and is as well the 
multiplier for that same component as it becomes an 
input to stage 𝑝𝑝 + 1 
(3) 𝑣𝑣𝑝𝑝𝑖𝑖  is supposed to be the multiplier for the input 
component 𝑧𝑧𝑝𝑝𝑖𝑖

𝑖𝑖3 which enters the process at the 
beginning of stage 𝑝𝑝 + 1. 
 Cook et al [7] defined the relative efficiency for 
DMUj  (for a given set of multiplier) when p = 2,3, …, 
as follows. 

 

𝜃𝜃𝑝𝑝𝑁𝑁 = �� 𝑢𝑢𝑝𝑝𝑟𝑟 𝑧𝑧𝑝𝑝𝑟𝑟
𝑖𝑖1

𝑅𝑅𝑝𝑝

𝑟𝑟=1
+ � 𝜏𝜏𝑝𝑝𝑝𝑝 𝑧𝑧𝑝𝑝𝑝𝑝

𝑖𝑖2
𝑆𝑆𝑝𝑝

𝑝𝑝=1
� �� 𝜏𝜏𝑝𝑝−1𝑝𝑝𝑧𝑧𝑝𝑝−1𝑝𝑝

𝑖𝑖2
𝑆𝑆𝑝𝑝−1

𝑝𝑝=1
+ � 𝑣𝑣𝑝𝑝−1𝑖𝑖𝑧𝑧𝑝𝑝−1𝑖𝑖

𝑖𝑖3
𝐼𝐼𝑝𝑝

𝑖𝑖=1
��  

 
The efficiency measure for stage 1, for 𝐷𝐷𝐷𝐷𝐷𝐷𝑖𝑖  is provided as follows. 
 
𝜃𝜃1
𝑁𝑁 = �∑ 𝑢𝑢1𝑟𝑟𝑧𝑧1𝑟𝑟

𝑖𝑖1𝑅𝑅1
𝑟𝑟=1 + ∑ 𝜏𝜏1𝑝𝑝𝑧𝑧1𝑝𝑝

𝑖𝑖2𝑆𝑆1
𝑝𝑝=1 � �∑ 𝑣𝑣0𝑖𝑖𝑧𝑧0𝑖𝑖

𝑖𝑖𝐼𝐼0
𝑖𝑖=1 �� . 

 
They also defined the overall efficiency as: 
 
𝜃𝜃𝑁𝑁

= � �� 𝑢𝑢𝑝𝑝𝑟𝑟 𝑧𝑧𝑝𝑝𝑟𝑟
𝑖𝑖1

𝑅𝑅𝑝𝑝

𝑟𝑟=1
+ � 𝜏𝜏𝑝𝑝𝑝𝑝 𝑧𝑧𝑝𝑝𝑝𝑝

𝑖𝑖2
𝑆𝑆𝑝𝑝

𝑝𝑝=1
� �� 𝑣𝑣𝑖𝑖𝑖𝑖

𝐼𝐼0

𝑖𝑖=1
𝑧𝑧𝑖𝑖𝑖𝑖
𝑖𝑖 + � �� 𝜏𝜏𝑝𝑝−1𝑝𝑝𝑧𝑧𝑝𝑝−1𝑝𝑝

𝑖𝑖2
𝑆𝑆𝑝𝑝−1

𝑝𝑝=1
+ � 𝑣𝑣𝑝𝑝−1𝑖𝑖𝑧𝑧𝑝𝑝−1𝑖𝑖

𝑖𝑖3
𝐼𝐼𝑝𝑝

𝑖𝑖=1
�

𝑃𝑃

𝑝𝑝=2
��

𝑃𝑃

𝑝𝑝=1
 

 
 They claim that the overall efficiency of the network can be proposed as a convex linear combination of the 
efficiency measure of 𝑃𝑃 stage, namely 𝜃𝜃𝑁𝑁 = ∑ 𝑤𝑤𝑝𝑝𝜃𝜃𝑝𝑝𝑁𝑁𝑃𝑃

𝑝𝑝=1  such that ∑ 𝑤𝑤𝑝𝑝𝑃𝑃
𝑝𝑝=1 = 1 and the weights are relative 
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important of the performance of the individual stage 𝑝𝑝 to the overall performance of the entire process. 
Therefore, we can write 𝑤𝑤𝑝𝑝 , 
 
 𝑝𝑝 = 1,2,3, …, in the form 𝑤𝑤1 = ∑ 𝑣𝑣𝑖𝑖𝑖𝑖

𝐼𝐼0
𝑖𝑖=1 𝑧𝑧𝑖𝑖𝑖𝑖

𝑖𝑖 �∑ 𝑣𝑣𝑖𝑖𝑖𝑖
𝐼𝐼0
𝑖𝑖=1 𝑧𝑧𝑖𝑖𝑖𝑖

𝑖𝑖 + ∑ �∑ 𝜏𝜏𝑝𝑝−1𝑝𝑝𝑧𝑧𝑝𝑝−1𝑝𝑝
𝑖𝑖2𝑆𝑆𝑝𝑝−1

𝑝𝑝=1 + ∑ 𝑣𝑣𝑝𝑝−1𝑖𝑖𝑧𝑧𝑝𝑝−1𝑖𝑖
𝑖𝑖3𝐼𝐼𝑝𝑝

𝑖𝑖=1 �𝑃𝑃
𝑝𝑝=2 ��  

 
And for 𝑝𝑝 = 2,3, …, 
 
𝑤𝑤𝑝𝑝

= �� 𝜏𝜏𝑝𝑝−1𝑝𝑝𝑧𝑧𝑝𝑝−1𝑝𝑝
𝑖𝑖2

𝑆𝑆𝑝𝑝−1

𝑝𝑝=1
+ � 𝑣𝑣𝑝𝑝−1𝑖𝑖𝑧𝑧𝑝𝑝−1𝑖𝑖

𝑖𝑖3
𝐼𝐼𝑝𝑝

𝑖𝑖=1
� �� 𝑣𝑣𝑖𝑖𝑖𝑖

𝐼𝐼0

𝑖𝑖=1
𝑧𝑧𝑖𝑖𝑖𝑖
𝑖𝑖 + � �� 𝜏𝜏𝑝𝑝−1𝑝𝑝𝑧𝑧𝑝𝑝−1𝑝𝑝

𝑖𝑖2
𝑆𝑆𝑝𝑝−1

𝑝𝑝=1
+ � 𝑣𝑣𝑝𝑝−1𝑖𝑖𝑧𝑧𝑝𝑝−1𝑖𝑖

𝑖𝑖3
𝐼𝐼𝑝𝑝

𝑖𝑖=1
�

𝑃𝑃

𝑝𝑝=2
��  

 
The efficiency evaluation model is provided as follows. 
 
𝜃𝜃𝑁𝑁 = 𝑚𝑚𝑀𝑀𝑥𝑥    ∑ �∑ 𝑢𝑢𝑝𝑝𝑟𝑟 𝑧𝑧𝑝𝑝𝑟𝑟𝑖𝑖1𝑅𝑅𝑝𝑝

𝑟𝑟=1 + ∑ 𝜏𝜏𝑝𝑝𝑝𝑝 𝑧𝑧𝑝𝑝𝑝𝑝𝑖𝑖2𝑆𝑆𝑝𝑝
𝑝𝑝=1 �𝑃𝑃

𝑝𝑝=1 , 

            s.t.     �∑ 𝑣𝑣𝑖𝑖𝑖𝑖
𝐼𝐼0
𝑖𝑖=1 𝑧𝑧𝑖𝑖𝑖𝑖𝑖𝑖 + ∑ �∑ 𝜏𝜏𝑝𝑝−1𝑝𝑝𝑧𝑧𝑝𝑝−1𝑝𝑝

𝑖𝑖2𝑆𝑆𝑝𝑝−1
𝑝𝑝=1 + ∑ 𝑣𝑣𝑝𝑝−1𝑖𝑖𝑧𝑧𝑝𝑝−1𝑖𝑖

𝑖𝑖3𝐼𝐼𝑝𝑝
𝑖𝑖=1 �𝑃𝑃

𝑝𝑝=2 � = 1, 

                      �∑ 𝑢𝑢1𝑟𝑟𝑧𝑧1𝑟𝑟
𝑖𝑖1𝑅𝑅1

𝑟𝑟=1 + ∑ 𝜏𝜏1𝑝𝑝𝑧𝑧1𝑝𝑝
𝑖𝑖2𝑆𝑆1

𝑝𝑝=1 � ≤ �∑ 𝑣𝑣0𝑖𝑖𝑧𝑧0𝑖𝑖
𝑖𝑖𝐼𝐼0

𝑖𝑖=1 �,   ∀𝑖𝑖 = 1, … ,𝑛𝑛 ,                                   (2) 
                      �∑ 𝑢𝑢𝑝𝑝𝑟𝑟 𝑧𝑧𝑝𝑝𝑟𝑟

𝑖𝑖1𝑅𝑅𝑝𝑝
𝑟𝑟=1 + ∑ 𝜏𝜏𝑝𝑝𝑝𝑝 𝑧𝑧𝑝𝑝𝑝𝑝

𝑖𝑖2𝑆𝑆𝑝𝑝
𝑝𝑝=1 � ≤ �∑ 𝜏𝜏𝑝𝑝−1𝑝𝑝𝑧𝑧𝑝𝑝−1𝑝𝑝

𝑖𝑖2𝑆𝑆𝑝𝑝−1
𝑝𝑝=1 + ∑ 𝑣𝑣𝑝𝑝−1𝑖𝑖𝑧𝑧𝑝𝑝−1𝑖𝑖

𝑖𝑖3𝐼𝐼𝑝𝑝
𝑖𝑖=1 �,   𝑢𝑢𝑝𝑝𝑟𝑟 , 𝜏𝜏𝑝𝑝𝑝𝑝 , 𝑣𝑣𝑝𝑝𝑖𝑖 , 𝑣𝑣0𝑖𝑖 ≥ 0. 

 
 The above Model is obtained with the assumption 𝜃𝜃𝑝𝑝𝑁𝑁 ≤ 1, 𝑝𝑝 = 1,2, … ,𝑃𝑃, then the overall efficiency does 
not exceed 1. 

 
Fig. 1: 𝐷𝐷𝐷𝐷𝐷𝐷 with Serial multistage. 
 
DEA-R network: 
 
 Now, we evaluate the efficiency of DEA-R-
based series network systems. Consider the series 
network given in Fig.1. As discussed earlier, Cook et 

al.  [8]  proposed  Model (2) to obtain the overall and 
individual efficiency. Overall efficiency is denoted 
by 𝜃𝜃𝑁𝑁 and the efficiency of process is indicated by 
𝜃𝜃𝑝𝑝𝑁𝑁.Variables are defined in the previous section. 

 
  𝑧𝑧𝑝𝑝𝑟𝑟

𝑖𝑖1 �𝑟𝑟 = 1, … ,𝑅𝑅𝑝𝑝�, 𝑧𝑧𝑝𝑝𝑝𝑝
𝑖𝑖2  �𝑝𝑝 = 1, … , 𝑆𝑆𝑝𝑝�, 𝑧𝑧𝑝𝑝𝑖𝑖

𝑖𝑖3 �𝑖𝑖 = 1, … , 𝐼𝐼𝑝𝑝�, 𝑝𝑝 = 2, … ,𝑃𝑃, 𝑖𝑖 = 1, … ,𝑛𝑛,  
 
In the last stage 𝑃𝑃, all the outputs leave the system, and we denote them by 𝑧𝑧𝑝𝑝𝑟𝑟

𝑖𝑖1 . 
 
The inputs of the first stage are denoted by 𝑧𝑧𝑖𝑖𝑖𝑖

𝑖𝑖   𝑖𝑖 = 1, … , 𝐼𝐼0 . We defined: 
 

𝑤𝑤𝑖𝑖𝑟𝑟
(11) : The weight of the ratio of  𝑟𝑟ℎ𝑒𝑒  𝑖𝑖𝑟𝑟ℎ  𝑖𝑖𝑛𝑛𝑝𝑝𝑢𝑢𝑟𝑟  𝑣𝑣𝑀𝑀𝑟𝑟𝑖𝑖𝑀𝑀𝑣𝑣𝑣𝑣𝑒𝑒  𝑧𝑧0

𝑖𝑖

𝑟𝑟ℎ𝑒𝑒  𝑟𝑟𝑟𝑟ℎ  𝑖𝑖𝑢𝑢𝑟𝑟𝑝𝑝𝑢𝑢𝑟𝑟  𝑣𝑣𝑀𝑀𝑟𝑟𝑖𝑖𝑀𝑀𝑣𝑣𝑣𝑣𝑒𝑒  𝑧𝑧1
𝑖𝑖1 , 𝑖𝑖 = 1, … , 𝐼𝐼0, 𝑟𝑟 = 1, … ,𝑅𝑅1, 

 

𝑤𝑤𝑖𝑖𝑝𝑝
(12) : The weight of the ratio of  𝑟𝑟ℎ𝑒𝑒  𝑖𝑖𝑟𝑟ℎ  𝑖𝑖𝑛𝑛𝑝𝑝𝑢𝑢𝑟𝑟  𝑣𝑣𝑀𝑀𝑟𝑟𝑖𝑖𝑀𝑀𝑣𝑣𝑣𝑣𝑒𝑒  𝑧𝑧0

𝑖𝑖

𝑟𝑟ℎ𝑒𝑒  𝑝𝑝𝑟𝑟ℎ  𝑖𝑖𝑢𝑢𝑟𝑟𝑝𝑝𝑢𝑢𝑟𝑟  𝑣𝑣𝑀𝑀𝑟𝑟𝑖𝑖𝑀𝑀𝑣𝑣𝑣𝑣𝑒𝑒  𝑧𝑧1
𝑖𝑖2 , = 1, … , 𝐼𝐼0 , 𝑝𝑝 = 1, … , 𝑆𝑆1, 

 

𝑤𝑤𝑖𝑖𝑟𝑟
(𝑝𝑝1) : The weight of the ratio of  

𝑟𝑟ℎ𝑒𝑒  𝑖𝑖𝑟𝑟ℎ  𝑖𝑖𝑛𝑛𝑝𝑝𝑢𝑢𝑟𝑟  𝑣𝑣𝑀𝑀𝑟𝑟𝑖𝑖𝑀𝑀𝑣𝑣𝑣𝑣𝑒𝑒  𝑧𝑧𝑝𝑝−1
𝑖𝑖3

𝑟𝑟ℎ𝑒𝑒 𝑟𝑟𝑟𝑟ℎ  𝑖𝑖𝑢𝑢𝑟𝑟𝑝𝑝𝑢𝑢𝑟𝑟  𝑣𝑣𝑀𝑀𝑟𝑟𝑖𝑖𝑀𝑀𝑣𝑣𝑣𝑣𝑒𝑒  𝑧𝑧𝑝𝑝
𝑖𝑖1 , 𝑟𝑟 = 1, … ,𝑅𝑅𝑝𝑝 , 𝑖𝑖 = 1, … , 𝐼𝐼𝑝𝑝 , 

 

𝑤𝑤𝑖𝑖𝑝𝑝
(𝑝𝑝2) : The weight of the ratio of  

𝑟𝑟ℎ𝑒𝑒 𝑖𝑖𝑟𝑟ℎ  𝑖𝑖𝑛𝑛𝑝𝑝𝑢𝑢𝑟𝑟  𝑣𝑣𝑀𝑀𝑟𝑟𝑖𝑖𝑀𝑀𝑣𝑣𝑣𝑣𝑒𝑒  𝑧𝑧𝑝𝑝−1
𝑖𝑖3

𝑟𝑟ℎ𝑒𝑒 𝑝𝑝𝑟𝑟ℎ  𝑖𝑖𝑢𝑢𝑟𝑟𝑝𝑝𝑢𝑢𝑟𝑟  𝑣𝑣𝑀𝑀𝑟𝑟𝑖𝑖𝑀𝑀𝑣𝑣𝑣𝑣𝑒𝑒  𝑧𝑧𝑝𝑝
𝑖𝑖2 , = 1, … , 𝐼𝐼𝑝𝑝  , 𝑝𝑝 = 1, … , 𝑆𝑆𝑝𝑝 , 
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𝑤𝑤𝑝𝑝𝑟𝑟
(𝑝𝑝3) : The weight of the ratio of  

𝑟𝑟ℎ𝑒𝑒 𝑝𝑝𝑟𝑟ℎ  𝑖𝑖𝑛𝑛𝑝𝑝𝑢𝑢𝑟𝑟  𝑣𝑣𝑀𝑀𝑟𝑟𝑖𝑖𝑀𝑀𝑣𝑣𝑣𝑣𝑒𝑒  𝑧𝑧𝑝𝑝−1
𝑖𝑖2

𝑟𝑟ℎ𝑒𝑒  𝑟𝑟𝑟𝑟ℎ  𝑖𝑖𝑢𝑢𝑟𝑟𝑝𝑝𝑢𝑢𝑟𝑟  𝑣𝑣𝑀𝑀𝑟𝑟𝑖𝑖𝑀𝑀𝑣𝑣𝑣𝑣𝑒𝑒  𝑧𝑧𝑝𝑝
𝑖𝑖1  , 𝑝𝑝 = 1, … , 𝑆𝑆𝑝𝑝−1, 𝑟𝑟 = 1, … ,𝑅𝑅𝑝𝑝 , 

 

𝑤𝑤𝑝𝑝𝑝𝑝
(𝑝𝑝4) : The weight of the ratio of  

𝑟𝑟ℎ𝑒𝑒 𝑝𝑝𝑟𝑟ℎ  𝑖𝑖𝑛𝑛𝑝𝑝𝑢𝑢𝑟𝑟  𝑣𝑣𝑀𝑀𝑟𝑟𝑖𝑖𝑀𝑀𝑣𝑣𝑣𝑣𝑒𝑒  𝑧𝑧𝑝𝑝−1
𝑖𝑖2

𝑟𝑟ℎ𝑒𝑒  𝑟𝑟𝑟𝑟ℎ  𝑖𝑖𝑢𝑢𝑟𝑟𝑝𝑝𝑢𝑢𝑟𝑟  𝑣𝑣𝑀𝑀𝑟𝑟𝑖𝑖𝑀𝑀𝑣𝑣𝑣𝑣𝑒𝑒  𝑧𝑧𝑝𝑝
𝑖𝑖2  , 𝑝𝑝 = 1, … , 𝑆𝑆𝑝𝑝 , 𝑝𝑝 = 1, … , 𝑆𝑆𝑝𝑝−1, 

 
Note that for 𝐷𝐷𝐷𝐷𝐷𝐷𝑖𝑖 , 𝑖𝑖 = 1, … ,𝑛𝑛, we defined 
z0

j = �z0i
j �, = 1, … , 𝐼𝐼0 :  the input vector of the first stage. 

𝑧𝑧1
𝑖𝑖1 = �𝑧𝑧1𝑟𝑟

𝑖𝑖1�, 𝑟𝑟 = 1, … ,𝑅𝑅1: the output vector for 𝐷𝐷𝐷𝐷𝐷𝐷𝑖𝑖  flowing from the first stage that leaves the process and is 
not passed on as an input to the second stage. 
𝑧𝑧1
𝑖𝑖2 = �𝑧𝑧1𝑝𝑝

𝑖𝑖2�, 𝑝𝑝 = 1, … , 𝑆𝑆1: the output vector for 𝐷𝐷𝐷𝐷𝐷𝐷𝑖𝑖  flowing from the first stage and is passed on as part of 
the inputs to the second stage. 
𝑧𝑧𝑝𝑝−1
𝑖𝑖3 = �𝑧𝑧𝑝𝑝−1𝑖𝑖

𝑖𝑖3 �, = 1, … , 𝐼𝐼𝑝𝑝  , 𝑝𝑝 = 2, … ,𝑃𝑃 : the input vector for 𝐷𝐷𝐷𝐷𝐷𝐷𝑖𝑖  at the stage 𝑝𝑝 that enters the process at the 
beginning of that stage. 
𝑧𝑧𝑝𝑝
𝑖𝑖1 = �𝑧𝑧𝑝𝑝𝑟𝑟

𝑖𝑖1�, 𝑟𝑟 = 1, … ,𝑅𝑅𝑝𝑝 , 𝑝𝑝 = 2, … ,𝑃𝑃: the output vector for 𝐷𝐷𝐷𝐷𝐷𝐷𝑖𝑖  flowing from stage 𝑝𝑝 that leaves the process 
and is not passed on as an input to the stage 𝑝𝑝 + 1. 
𝑧𝑧𝑝𝑝
𝑖𝑖2 = �𝑧𝑧𝑝𝑝𝑝𝑝

𝑖𝑖2�, 𝑝𝑝 = 1, … , 𝑆𝑆𝑝𝑝 , 𝑝𝑝 = 2, … ,𝑃𝑃:  the output vector for 𝐷𝐷𝐷𝐷𝐷𝐷𝑖𝑖  flowing from stage 𝑝𝑝 and is passed on as 
part of the inputs to the second stage 𝑝𝑝 + 1. 
zp−1

j2 = �zp−1k
j2 �, = 1, … , Sp−1 , p = 2, … , P: the input vector for DMUj  at the stage p that enters the process from 

end of that stage p − 1. 
The mathematical DEA –I network model for evaluating the efficiency of DMUo is presented as fallow: 
 
θNR  =  max   ∑ wpθp

NRP
p=1  

 s.t.      ∑ ∑ 𝑤𝑤𝑖𝑖𝑟𝑟
(11)𝑅𝑅1

𝑟𝑟=1
𝐼𝐼0
𝑖𝑖=1 �z0i

j 𝑧𝑧1𝑟𝑟
𝑖𝑖1�

z0i
o 𝑧𝑧1𝑟𝑟

𝑖𝑖1⁄� � + ∑ ∑ 𝑤𝑤𝑖𝑖𝑝𝑝
(12)𝑆𝑆1

𝑝𝑝=1
𝐼𝐼0
𝑖𝑖=1 �z0i

j 𝑧𝑧1𝑝𝑝
𝑖𝑖2�

z0i
o 𝑧𝑧1𝑝𝑝

𝑖𝑖2⁄� � ≥ 𝜃𝜃1
𝑁𝑁𝑅𝑅  

            ∑ ∑ 𝑤𝑤𝑖𝑖𝑟𝑟
(𝑝𝑝1)𝑅𝑅𝑝𝑝

𝑟𝑟=1
𝐼𝐼𝑝𝑝
𝑖𝑖=1 �

zp−1i
j3 𝑧𝑧𝑝𝑝𝑟𝑟

𝑖𝑖1�
zp−1i

o3 𝑧𝑧𝑝𝑝𝑟𝑟𝑖𝑖1�� � + ∑ ∑ 𝑤𝑤𝑖𝑖𝑝𝑝
(𝑝𝑝2)𝑆𝑆𝑝𝑝

𝑝𝑝=1
𝐼𝐼𝑝𝑝
𝑖𝑖=1 �

zp−1i
j3 𝑧𝑧𝑝𝑝𝑝𝑝

𝑖𝑖2�
zp−1i

o3 𝑧𝑧𝑝𝑝𝑝𝑝𝑖𝑖2�� �+                    (3)              

             ∑ ∑ 𝑤𝑤𝑝𝑝𝑟𝑟
(𝑝𝑝3)𝑆𝑆𝑝𝑝−1

𝑝𝑝=1
𝑅𝑅𝑝𝑝
𝑟𝑟=1 �

zp−1k
j2 𝑧𝑧𝑝𝑝𝑟𝑟

𝑖𝑖1�
zp−1k

o2 𝑧𝑧𝑝𝑝𝑟𝑟𝑖𝑖1�� �+ ∑ ∑ 𝑤𝑤𝑝𝑝𝑝𝑝
(𝑝𝑝4)𝑆𝑆𝑝𝑝−1

𝑝𝑝=1
𝑆𝑆𝑝𝑝
𝑝𝑝=1 �

zp−1k
j2 𝑧𝑧𝑝𝑝𝑝𝑝

𝑖𝑖2�
zp−1k

o2 𝑧𝑧𝑝𝑝𝑝𝑝𝑖𝑖2�� � ≥ 𝜃𝜃𝑝𝑝𝑁𝑁𝑅𝑅 , 

𝑝𝑝 = 2, …𝑃𝑃,  
             ∑ ∑ 𝑤𝑤𝑖𝑖𝑟𝑟

(11)𝑅𝑅1
𝑟𝑟=1

𝐼𝐼0
𝑖𝑖=1 + ∑ ∑ 𝑤𝑤𝑖𝑖𝑝𝑝

(12)𝑆𝑆1
𝑝𝑝=1

𝐼𝐼0
𝑖𝑖=1 = 1,  𝑖𝑖 = 1, … ,𝑛𝑛, 

          ∑ ∑ 𝑤𝑤𝑖𝑖𝑟𝑟
(𝑝𝑝1)𝑅𝑅𝑝𝑝

𝑟𝑟=1
𝐼𝐼𝑝𝑝
𝑖𝑖=1 + ∑ ∑ 𝑤𝑤𝑖𝑖𝑝𝑝

(𝑝𝑝2)𝑆𝑆𝑝𝑝
𝑝𝑝=1

𝐼𝐼𝑝𝑝
𝑖𝑖=1 + ∑ ∑ 𝑤𝑤𝑝𝑝𝑟𝑟

(𝑝𝑝3)𝑆𝑆𝑝𝑝−1
𝑝𝑝=1

𝑅𝑅𝑝𝑝
𝑟𝑟=1 + ∑ ∑ 𝑤𝑤𝑝𝑝𝑝𝑝

(𝑝𝑝4)𝑆𝑆𝑝𝑝−1
𝑝𝑝=1

𝑆𝑆𝑝𝑝
𝑝𝑝=1 = 1, 

             𝑤𝑤𝑖𝑖𝑟𝑟
(11) ≥ 0, 𝑤𝑤𝑖𝑖𝑝𝑝

(12) ≥ 0 , 𝑤𝑤𝑖𝑖𝑟𝑟
(𝑝𝑝1), 𝑤𝑤𝑖𝑖𝑝𝑝

(𝑝𝑝2) ≥ 0, 𝑤𝑤𝑝𝑝𝑟𝑟
(𝑝𝑝3) ≥ 0, 𝑤𝑤𝑝𝑝𝑝𝑝

(𝑝𝑝4) ≥ 0, 𝜃𝜃𝑝𝑝𝑁𝑁𝑅𝑅 ≥ 0, 𝑝𝑝 = 1,2, …𝑃𝑃, ∑ 𝑤𝑤𝑝𝑝𝑃𝑃
𝑝𝑝=1 = 1. 

 
 

Note that the Model first calculates that relative 
efficiency score for each weight vector, and selects 
the smallest as the efficiency score of this set of 
weights. Then, by adjusting the set of weights, it 
determines the maximum efficiency score 𝜃𝜃𝑁𝑁𝑅𝑅  as the 
overall efficiency score of 𝐷𝐷𝐷𝐷𝐷𝐷𝑖𝑖 . Considering that 
the objective function is the weighted average of the 
efficiency of individual processes, the model 
maximizes the values of θp

NR  for a selected set of 
weights such tat the overall efficiency is maximized. 
A change in wpwill lead to a change in θp

NR  and θNR . 
So, the overall and individual efficiencies depend on 
the objective function weights. We have used the 
DEA-R model for individual processes in order to 
evaluate the overall efficiency. Similar to Model (3), 
a model can be developed for the case of parallel and 

mix networks. Input and output components are 
assumed to be nonzero in this paper. 
 
Illustrative example: 
 
 In order to compare our proposed model with 
that of Cook et al. [8], we make use of a supply chain 
data set taken from Liang et al. [15]. The data set is 
related to a two–stage process. The inputs of the first 
stage are labor z01

j , operating cost �𝑧𝑧02
𝑖𝑖 � and shipping 

cost �𝑧𝑧03
𝑖𝑖 � the outputs of the first stage are number of 

product 𝐴𝐴 shipped �𝑧𝑧11
𝑖𝑖2�, number of product 𝐵𝐵 

shipped �𝑧𝑧12
𝑖𝑖2�, number of product 𝐶𝐶 shipped �𝑧𝑧13

𝑖𝑖2�. 
All outputs from the first stage are used as inputs to 
the second stage, in other words, there is no 𝑧𝑧1

1. In 
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the second stage. There is the new input �𝑧𝑧11
𝑖𝑖3�, not 

coming from the first stage, and two outputs from the 
second stage, sales �𝑧𝑧21

𝑖𝑖1� and profits  �𝑧𝑧22
𝑖𝑖1�. Table (2) 

contains the above – mentioned data set. We present 
Model (4) for this data set as follows. 

 
𝜃𝜃𝑁𝑁𝑅𝑅  =  𝑚𝑚𝑀𝑀𝑥𝑥   𝑤𝑤1𝜃𝜃1

𝑁𝑁𝑅𝑅 + 𝑤𝑤2𝜃𝜃2
𝑁𝑁𝑅𝑅  

             s.t.      ∑ ∑ 𝑤𝑤𝑖𝑖𝑝𝑝
(12)3

𝑝𝑝=1
3
𝑖𝑖=1 �z0i

j 𝑧𝑧1𝑝𝑝
𝑖𝑖2�

z0i
o 𝑧𝑧1𝑝𝑝

𝑖𝑖2⁄� � ≥ 𝜃𝜃1
𝑁𝑁𝑅𝑅                                   (4) 

              ∑ ∑ 𝑤𝑤𝑝𝑝𝑟𝑟
(23)3

𝑝𝑝=1
2
𝑟𝑟=1 �z1k

j2 𝑧𝑧2𝑟𝑟
𝑖𝑖1�

z1k
o2 𝑧𝑧2𝑟𝑟

𝑖𝑖1⁄� � + ∑ ∑ 𝑤𝑤𝑖𝑖𝑟𝑟
(21)2

𝑟𝑟=1
1
𝑖𝑖=1 �z1i

j3 𝑧𝑧2𝑟𝑟
𝑖𝑖1�

z1i
o3 𝑧𝑧2𝑟𝑟

𝑖𝑖1⁄� � ≥ 𝜃𝜃2
𝑁𝑁𝑅𝑅 ,  𝑖𝑖 = 1, … ,𝑛𝑛, 

              ∑ ∑ 𝑤𝑤𝑖𝑖𝑝𝑝
(12)3

𝑝𝑝=1
3
𝑖𝑖=1 = 1,  ∑ ∑ 𝑤𝑤𝑖𝑖𝑟𝑟

(21)2
𝑟𝑟=1

1
𝑖𝑖=1 + ∑ ∑ 𝑤𝑤𝑝𝑝𝑟𝑟

(23)3
𝑝𝑝=1

2
𝑟𝑟=1 = 1,  𝑤𝑤1 + 𝑤𝑤2 = 1,  𝑖𝑖 = 1, 

                𝑤𝑤𝑖𝑖𝑝𝑝
(12) ≥ 0,  𝑤𝑤𝑖𝑖𝑟𝑟(21) ≥ 0,  𝑤𝑤𝑝𝑝𝑟𝑟

(23) ≥ 0,  𝜃𝜃1
𝑁𝑁𝑅𝑅 ≥ 0,  𝜃𝜃2

𝑁𝑁𝑅𝑅 ≥ 0,  𝑟𝑟 = 1,2,  𝑝𝑝 = 1,2,3. 
 
Table 2: Data set. 
𝐷𝐷𝐷𝐷𝐷𝐷             Labor      Operating cost     Shipping cost     Product A     Product B     Product C     Labor     Sales     Profits 
                        𝑧𝑧01

j             𝑧𝑧02
j                        𝑧𝑧03

j                      𝑧𝑧11
j2                 𝑧𝑧12

j2                  𝑧𝑧13
j2               𝑧𝑧11

j3           𝑧𝑧21
j1           𝑧𝑧22

j1  
1                     9                50                         1                       20                 10                    5                8            100          25 
2                     10              18                         10                     10                 15                    7                10          70            20 
3                     9                30                         3                       8                   20                    2                8            96            30 
4                     8                25                         1                       20                 20                    10              10          80            20 
5                     10              40                         5                       15                 20                    5                15          85            15 
6                     7                35                         2                       35                 10                    5                5            90            35 
7                     7                30                         3                       10                 25                    8                10          100          30 
8                     12              40                         4                       20                 25                    4                8            120          10 
9                     9                25                         2                       10                 10                    5                15          110          15 
10                   10              50                         1                       20                 15                    9                10          80             20 
 
Table (3) shows the results of solving Model (2).  
 

Table 3: Previous result. 
DMU             Cook et al [8]                                                                                        Liang et al [15] 
                        𝜃𝜃𝑁𝑁                   𝑤𝑤1                 𝑤𝑤2                    𝜃𝜃1

𝑁𝑁                 𝜃𝜃2
𝑁𝑁                 𝜃𝜃1

𝑁𝑁                  𝜃𝜃2
𝑁𝑁 

1                     0.92495          0.30843         0.69157            0.75666         1                   1                     0.89394 
2                     0.86486          0.51974         0.48026            0.92403         0.80082        0.92403          0.80082 
3                     0.85898          0.34817         0.65183            0.59497         1                   0.69106          1 
4                     0.77381          0.5                 0.5                    1                    0.54762        1                     0.62786 
5                     0.62073          0.46194         0.53806            0.67595         0.57332        0.67595          0.57332 
6                     1                     0.27992         0.72008            1                    1                   1                     1 
7                     0.90405          0.5                 0.5                    1                    0.80811         1                    0.81888 
8                     0.92886          0.21477         0.78523            0.66875         1                    0.74667         1 
9                     0.78091          0.43817         0.56183            0.5                 1                    0.5                 1 
10                   0.75444          0.54281         0.45719            0.84226         0.65018         1                    0.59596 
 
Table 4: Results. 
𝐷𝐷𝐷𝐷𝐷𝐷             Our results                                                                                     
 
                        𝜃𝜃𝑁𝑁𝑅𝑅                        𝑤𝑤1                          𝑤𝑤2                       𝜃𝜃1

𝑁𝑁𝑅𝑅                      𝜃𝜃2
𝑁𝑁𝑅𝑅                   

1                     1                            0.30843                  0.69157               1                         1 
2                     0.91434                 0.51974                  0.48026               1                         0.81977         
3                     0.93042                 0.34817                  0.65183               0.8                      1 
4                     0.81574                 0.5                          0.5                       1                         0.63151 
5                     0.66273                 0.46194                  0.53806               0.73043              0.60455         
6                     1                            0.27992                  0.72008               1                         1                    
7                     0.91672                 0.5                          0.5                       1                         0.83333          
8                     0.95431                 0.21477                  0.78523               0.78704              1                     
9                     0.78091                 0.43817                  0.56183               0.5                      1                     
10                   0.86054                 0.54281                  0.45719               1                         0.70584          
 
 As can be observed from the Table (3), the 
scores obtained by the nonlinear model Liang et al. 
[15] are different from those given by Model (2). 
Table (4) shows the results obtained by solving 
Model (4). The weights w1 and w2 have been 
considered equal in Tables (3) and (4). However, it 

can be seen that the values θNR ,  θ1
NR , and θ2

NR  are 
greater than or equal to their corresponding values 
θN ,  θ1

N  and θ2
N . As expected, the efficiency scores 

obtained by DEA-R network models (Model (2)) are 
greater than or equal to those given by DEA network 
models (Model (3)). Consider 𝐷𝐷𝐷𝐷𝐷𝐷1, for example. 
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Regarding column 2 of Tables (3), (4), we have  
θNR = 1 ≥ θN = 0.92495 this means that the overall 
efficiency score for 𝐷𝐷𝐷𝐷𝐷𝐷1 obtained by the DEA-R 
network model greater than or equal to that 
calculated by the DEA network model. Now, we 
compare the efficiency scores for the first and 
second processes of 𝐷𝐷𝐷𝐷𝐷𝐷1 obtained by Models (2) 
and (3). From columns 5 and 6 of Table (2) and (3), 
one can see that θ1

N = 0.75666, θ1
NR = 1; that is to 

say, the first process of 𝐷𝐷𝐷𝐷𝐷𝐷1 is evaluated as 
efficient by Model (3) but inefficient by Model (2). 
Meanwhile, the second process of 𝐷𝐷𝐷𝐷𝐷𝐷1 is 
evaluated as efficient. As regards the first process, 
the DEA network model evaluates 𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷 4,6,7 as 
efficient while the DEA-R network determines 
𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷 1,2,4,6,7,10 as efficient. Considering the 
second process, both models evaluate 𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷 
1,3,6,8,9 to be efficient. Columns 7,8 of  Table (3) 
provides the results of Liang et al. [15] model, which 
evaluates 𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷 1,4,6,7,10 to be efficient with 
regard to the first process and 𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷 3,6,8,9 
considering the second process. By assuming similar 
weights for the processes, we compare the results 
obtained from the DEA-R network model and those 
from the DEA network model. These results are 
presented in Table (4). One can see again that the 
values of θNR ,  θ1

NR , and θ2
NR   are greater than or 

equal to their corresponding values θN ,  θ1
N , and θ2

N . 
Model (3) evaluates 𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷 1 and 6 as efficient, 
while Model (2) determines 𝐷𝐷𝐷𝐷𝐷𝐷6 as efficient. 
Regarding the first process, the DEA-R network 
model evaluates 𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷 1,2,4,6,7,10 as efficient, 
while the DEA network model determines only 

𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷 4, 6 and 7 as efficient. As for the second 
process, 𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷 1,3,6,8,9 are considered to be 
efficient by the DEA-R network model, while 𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷 
1,3,6,8,9 are regarded as efficient by DEA network 
model. It should be noted that if weights restrictions 
are applied (Podinovski, 2007), the efficiency scores 
by the DEA-R network model may not necessarily 
be greater than or equal to, and might even be less 
than, those by the DEA network model for 𝐷𝐷𝐷𝐷𝐷𝐷 
under evaluation. For instance, for the weights 
w1 = w2 = 0.5, the efficiency scores of 𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷 8 
and 9 will be 0.89352 and 0.75 by the DEA-R 
network model. However, for the weights w1 =
0.21477, w2 = 0.78523 and w1 = 0.43817, 
w2 = 0.56183 the corresponding scores for these 
𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷 will be 0.92886 and 0.78091 by the DEA 
network model. This means that for different weights 
for a specific 𝐷𝐷𝐷𝐷𝐷𝐷, the efficiency score by the 
DEA-R network model is not necessarily greater 
than or equal to that obtained by the DEA network 
model. It can be seen from Table (3) and (4) that for 
each w1 > 0 and w2 > 0, w1 + w2 = 1, a change in 
weights of processes leads to a change in the overall 
efficiency of the 𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷 but does not change the 
efficiency of the individual processes of the 𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷. 
Tables (6) and (7) contain the overall and individual 
efficiencies of 𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷 by the DEA-R network model. 
One can see, for example, that for w1 = 0.1, 
w2 = 0.9, the DEA-R network model efficiency of  
𝐷𝐷𝐷𝐷𝐷𝐷2 is θNR = 0.8378 and for w1 = 0.51974, 
w2 = 0.48026 , this value is equal to θNR =
0.91434. Note, the scores θ1

NR , θ2
NR  are the same for 

various weights in the Tables (5), (6) and (7). 
 
Table 5: Results with  𝑤𝑤1 = 𝑤𝑤2 = 0.5. 
𝐷𝐷𝐷𝐷𝐷𝐷              Our results                                                                        Cook et al [8] 
 
                       𝜃𝜃𝑁𝑁𝑅𝑅                 𝜃𝜃1

𝑁𝑁𝑅𝑅                𝜃𝜃2
𝑁𝑁𝑅𝑅                                         𝜃𝜃𝑁𝑁                𝜃𝜃1

𝑁𝑁                     𝜃𝜃2
𝑁𝑁 

1                     1                     1                   1                                             0.86323         0.72645             1                      
2                     0.90989          1                   0.81977                                  0.85303         0.9222               0.78386           
3                     0.9                  0.8                1                                             0.83629         0.67258             1 
4                     0.81575          1                   0.63151                                  0.77381         1                        0.54762 
5                     0.66749          0.73043         0.60455                                 0.61749         0.67595             0.55903 
6                     1                     1                    1                                            0.99678         0.99357             1 
7                     0.91667          1                    0.83333                                 0.90405         1                         0.80811 
8                     0.89352          0.78704         1                                            0.81756         0.72772             0.9074 
9                     0.75                0.5                 1                                            0.75               0.5                     1 
10                   0.85292          1                    0.70584                                 0.75435         0.85137             0.65732 
 
Table 6: Results with w1, w2 ≥ 0.1 and w1, w2 ≥ 0.3. 
DMU              w1 = 0.1, w2 = 0.9                                                              w1 = 0.7, w2 = 0.3 
 
                       𝜃𝜃𝑁𝑁𝑅𝑅                 𝜃𝜃1

𝑁𝑁𝑅𝑅                𝜃𝜃2
𝑁𝑁𝑅𝑅                                         𝜃𝜃𝑁𝑁𝑅𝑅                 𝜃𝜃1

𝑁𝑁𝑅𝑅                𝜃𝜃2
𝑁𝑁𝑅𝑅  

1                     1                     1                   1                                             1                     1                       1                      
2                     0.83780          1                   0.81977                                  0.94593         1                        0.81977           
3                     0.98                0.8                1                                             0.86               0.8                     1 
4                     0.66836          1                   0.63151                                  0.88945         1                        0.63151 
5                     0.61714          0.73043         0.60455                                 0.69267         0.73043             0.60455 
6                     1                     1                    1                                            1                    1                        1 
7                     0.85                1                    0.83333                                 0.95               1                        0.83333 
8                     0.97870          0.78704         1                                            0.85093         0.78704             1 
9                     0.95                0.5                 1                                            0.65               0.5                     1 
10                   0.73526          1                    0.70584                                 0.91175         1                        0.70584 
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Table 7: Results with w1, w2 ≥ 0.4. 
DMU              w1 = 0.4, w2 = 0.6                                                            w1 = 0.6, w2 = 0.4 
 
                       𝜃𝜃𝑁𝑁𝑅𝑅                 𝜃𝜃1

𝑁𝑁𝑅𝑅                𝜃𝜃2
𝑁𝑁𝑅𝑅                                         𝜃𝜃𝑁𝑁𝑅𝑅                 𝜃𝜃1

𝑁𝑁𝑅𝑅                𝜃𝜃2
𝑁𝑁𝑅𝑅  

1                     1                     1                   1                                             1                     1                       1                      
2                     0.89186          1                   0.81977                                  0.92791         1                        0.81977           
3                     0.92                0.8                1                                             0.88               0.8                     1 
4                     0.77891          1                   0.63151                                  0.85260         1                        0.63151 
5                     0.65491          0.73043         0.60455                                 0.68               0.73043             0.60455 
6                     1                     1                    1                                            1                    1                        1 
7                     0.9                  1                    0.83333                                 0.93333         1                        0.83333 
8                     0.91481          0.78704         1                                            0.87222         0.78704             1 
9                     0.8                  0.5                 1                                            0.7                 0.5                     1 
10                   0.82350          1                    0.70584                                 0.88234         1                        0.70584 
 
Conclusion: 
 
 The present study develops a DEA approach for 
DMUs with a series network or multistage structure. 
As was stated, previous models have been based on 
multiplier or envelopment CCR models. In this 
paper, we present a new DEA-R-based model for 
evaluating network efficiency. To compare our 
model with previous ones, we used an illustrative 
example taken from Liang et al (2006), which 
involves a two-member supply chain structure. We 
showed that the efficiencies of individual processes 
and the overall efficiency calculated by our model 
are greater than or equal to the corresponding values 
obtained by previous models. In the proposed model, 
the overall efficiency is expressed as the additive 
weighted average of the efficiencies of individual 
components or processes. We showed that efficiency 
is dependent upon weight selection. Since DEA-R-
based models have more freedom in selecting 
weights, they yield higher efficiency scores 
compared to those from input-oriented CCR-based 
models when there are no weight restrictions. The 
model presented in this paper exhibits this property, 
as well. To follow up, we can consider the ranking of 
DMUs with network structures as other works of 
research. For this purpose, we can present DEA-R 
network supper-efficiency models. It can be shown 
that supper-efficiency scores obtained by these 
models are greater than or equal to those calculated 
by CCR-based models. The model proposed in this 
paper assumes constant returns to scale (CRS). It can 
also be extended to situations with the variable 
returns to scale (VRS) assumption. Furthermore, the 
model can be extended to parallel and mix structure 
networks.  
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