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ABSTRACT 
 

In this paper, we   have assumed the problem of constrained redundancy allocation of parallel-series system 
with interval valued reliability of components. For maximizing the overall system reliability under limited 
resource constraints, the  problem is formulated as an unconstrained integer programming problem with interval 
coefficients by penalty function technique and solved by an GA for integer variables with interval fitness 
function, tournament selection, Two-point crossover, one-neighborhood mutation and  elitism. As a special case, 
considering the lower and upper bounds of the interval valued reliabilities of the components to be the same, the 
corresponding problem has been solved. The model has been illustrated with some numerical examples and the 
results of the series redundancy allocation problem with fixed value of reliability of the components have been 
compared with the existing results available in the literature. Finally, sensitivity analyses have been shown 
graphically to study the stability of our developed GA with respect to the different GA parameters.  
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Introduction 
 

In most of the probabilistic methods of the 
reliability system, it is assumed that all the 
probabilities are precise [1-4]. That means that every 
probability involved is perfectly determinable. In this 
case it is usually assumed that there exist some 
complete probabilistic information about system and 
component behavior. For the completeness of 
probabilistic information the following  

two conditions must be satisfied. 
1. All the probabilities or probability 

distributions are known or perfectly determinable. 
2.  The system components are independent,  
i.e., all the random variables, described the 

component reliability behavior, are independent. 
During the past, the assumption of uncertainty in 

most of the methods in reliability is based on precise 
probabilities and the reliabilities of the system 
components are to be known at a fixed positive 
number which lies in the open interval (0, 1). The  
precise system reliability can  be  computed 
theoretically if both the above two conditions are  
satisfied (it  is assumed that the system structure is  
defined precisely and there exists a  function linking 
the system time to  failure as well  as  the times to  
failure of  the components).  If at least one condition 
is   violated, then only the interval measure of 
reliability (Barlow and Proschan [1,2],  Coolen and 
Newby [3],  Lindqvist and Langseth [4])  can  be  

obtained. However, in real life situations, there are 
not suffic ient statistical data in most of the cases 
where the system is new or exists only as a   project. 
It is not   always possible to   observe the stability 
from the statistical point of view if such data exists. 
This means that only some partial information about 
the system components are   known. So the reliability 
of  a  component of  a  system will  be  an  imprecise 
number  which can   be  represented by  an  interval 
number [5]  and is  calculated by imprecise 
probabilities (Gurov and Utkin [6],  Utkin and Gurov 
[7,8])  define reliability as  the probability of survival 
that a system will  perform satisfactorily at least up  
to  a  given period of  time under stated conditions. 
Designing a highly reliable system, there arises a 
question as to how to get a balance between the 
reliability of a system and resources such as cost, 
volume and weight. As a result, inclusion of 
redundant components or the increase of the 
components’ reliability leads to increase in the 
system reliability. 

These types of optimization problems with 
interval objective can be solved by a powerful 
computerized heuristic search and optimization 
method, viz. genetic algorithm (GA), which is based 
on  the mechanics of natural selection (dependent on  
the evolution principle ‘‘Survival  of the fittest’’) and 
natural genetics. It is executed interactively on the set 
of real / binary coded solution called population. In 
each iteration (called generation), three basic genetic 
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operations (i.e., selection / reproduction, crossover 
and mutation) are performed. Prof. J. H. Holland, 
University of Michigan, envisaged the fundamental 
concept of this algorithm in the mid sixties and 
published his seminal work. Thereafter, a number of 
researchers have contributed to the development of 
this field.  Most of the initial research works have 
been published in several conference proceedings. 
However, at present, there exist several text books on 
GAs in [5-8] and others. 

we have considered the problem of  constrained 
redundancy allocation in  series system with interval 
valued reliability of components. The problem is 
formulated as a nonlinear constrained integer 
programming problem with interval coefficients for 
maximizing the overall system reliability under 
limited resource constraints [9-11]. During the last 
few years, several methods were proposed for 
handling constraints by GAs. This method transforms 
the constrained optimization problem into an 
unconstrained one by penalizing the objective 
function corresponding to the infeasible solution. In 
this work, to solve our formulated constrained 
optimization problem we have converted it into an 
unconstrained optimization problem by penalty 
function technique. we have developed an  advanced 
GA for  integer variables with interval fitness 
function, tournament  selection, single point 
crossover, Two-point mutation and elitism of  size  
one. The problem has been illustrated with some 
numerical examples. 
 
Finite interval arithmetic and interval order 
relations: 
 
An interval valued number A is defined as the set  of 
real numbers x, such that 

 
aL  ≤ x ≤ aR ,i.e., x ∈ [aL , aR ], aL , aR    
A = [aL , aR ] = {x : aL  ≤ x ≤ aR , x ∈ R} 
where aL  and aR  are  the left  and right 

boundaries respectively. Hence the closed 
interval A represents an uncertain number  x 
∈ [aL , aR ]. If, in particular, aL = aR = a, the 
interval number A, given by A = [aL , aR ] 
reduces to the real number a = [a, a] which is 
called a point interval. Hence an interval 
number is a generalization of a point interval 
(a real number). Alternatively, 

 an interval number A may also  be 
defined by    its center and radius i.e., 

A=[ac , ar] = {x : ac − ar  ≤ x ≤ ac  + ar , x ∈ R} 
where ac = (aL + aR ) /2 and ar = (aR − aL ) /2, the 
center and radius of the interval and R is the 
set  of real numbers. 

Now we shall discuss the arithmetical 
operations (also called binary operations) of 
interval numbers. 
 

Definition 1: 
 
Let ∗ ∈ (+, −, ., /) be a binary operation on 

the set  of real numbers. If A and B are  two 
closed intervals, then 

A ∗ B = {a ∗ b : a ∈ A and b ∈ B} 
defines a binary operation on the set  of 

closed intervals. In case of division, it is 
assumed that 0 ∈ B. 

From Definition 1 the operations on two 
interval numbers A= [aL, aR] and B= [bL, bR], 
may be explicitly calculated as 

A + B = [aL + bL ,  aR  + bR ] 
A − B = [aL − bR ,  aR  − bL ] 
 
An ] 1,1    [  =                if    n=0 

]     n
R, a  

n
L[a                if   La ≥0  or n is odd   

] n
L, a 

n
R[a                     if   Ra ≤0  or n is even    

 )n
R, a  

n
L,a) xam0[        if   La ≤ 0 ≤ R a   or     

                                           n>0 is odd 
  

Order relations of interval numbers: 
 
Type – I: Both the intervals are disjoint. 
Type – II: Intervals are partially overlapping.  
Type – III: One interval is contained in the other. 
  

In this case, we could consider the definitions of 
order relations for maximization problems developed 
recently by Mahato and Bhunia [17] in the context of 
optimistic and pessimistic decision makers’ point of 
view. These definitions are as follows: 
 
Optimistic decision making: 

 
In this case,   the decision maker takes the 

decision ignoring the uncertainty and selects the 
highest profit for maximization problems and the 
lowest cost/time for minimization problems. 
 
Definition 3: 

 
to maximization problems, the order 

relation ≥o max between the intervals A and 
B is defined as 

A ≥o max B   ↔   aR   ≥ bR 
A >o max B   ↔A ≥o max B and A = B. 
 
This implies that A is superior to B and 

the optimistic decision maker accepts the 
profit interval A. Here, this order relation 

≥o max is not symmetric but transitive. 
Pessimistic decision-making 
In this decision making, a decision is 

taken on the basis of the principle ‘‘Less 
uncertainty is better than more 
uncertainty’’. 
 



2677 
Adv. Environ. Biol., 7(9): 2675-2680, 2013 
 

 

Definition 4: 
 

For maximization problems, the order 
relation >p max between the intervals A = 
[aL , aR ] = [ac , ar ] and B = [bL , bR ] = [bc , br ] 
for a pessimistic decision maker may be 
defined as 

(i)  A >p max B ↔ ac > bc for type - I and 
type – II intervals 

(ii)  A >p max B↔ ac ≥ bc and ar  < br for 
type – III intervals. 

However, for type – III intervals with ac   
> bc and ar   > br , the pessimistic decision 
cannot be taken. Here, one may consider the 
optimistic decision making. 

 
Mathematical formulation: 
 

It is well known that a simple series system with 
n independent components is functioning only if all 
its n independent components are properly 
functioning. Therefore, in order to improve the 
reliability of the system, given a mission time, more 
reliable components are to be used in the system. 
This strategy is more expensive and difficult to adopt 
due to some technological constraints. Hence in 
order to improve the system reliability, an alternative 
technique may be adopted by adding redundant 
components. 

Maximize R(x ) = 1-(1-rj(x)x
j] 

s.t.   Cij xj ) ≤ bi ,  

i = 1, 2, . . . , m, x ∈ S ⊂ Z n 
R(x ) is the overall system reliability 

when adopting the redundancy assignment 
x, Cij xj is a strictly increasing function of xj 
that represents the ith resource consumed in 
the jth subsystem, bi  is the ith total available 
resource, and S is a subset of Z n , the positive 
integer vector set  in Rn . rj is interval valued, 
rj ∈ [rjL , rjR ]. Then the problem (1) and 
constraints (2) reduce to 

 
Maximize R(x ) = 1-(1-rj(x)x

j]  
s. t. 
 Ax ≤ b,  x ≥ 0 and all  xj   ∈ x are   integers.  
To convert the above problem (3) to an 

unconstrained maximization problem, a 
large negative value (say, −M which can be 
written in the interval form as [−M , −M ]) is 
blindly assigned to the objective function for 
the infeasible solution. In this case the 
reduced problem is as follows:  

 
 Maximize R̂     (x) = R(x) + θ (x) 
θ (x) =  0  if    xЄS 
−R(x) + [−M , −M ] if xЄS 

 
and  S be the set  of feasible solutions. 
This is a non-linear unconstrained 

integer programming problem with interval 
coefficients.   

 
Solution Procedure: 

 
The procedural algorithm of the working 

principle of GA is as follows: 
Step-1: Initialize the parameters of 

genetic algorithm, bounds of variables and 
different parameters of the problem. 

 Step-2: t = 0 [t represents the number of 
current generation]. 

Step-3: Initialize P (t) [P (t) represents the 
population at tth generation]. 

 Step-4: Evaluate P (t) using fitness 
function. 

Step-5: Find the best found result from 
P(t) with respect to the fitness value and 
constraints violation.  

Step-6: t is increased by unity. 
Step-7: If the termination condition is 

satisfied go to step-14, otherwise, go to step-8.  
Step-8: Select P (t) from P (t -1) by 

tournament selection process. 
Step-9: Alter P (t) by Two-point 

crossover, one-neighborhood mutation and 
elitism process.  

Step-10: Evaluate P (t) using fitness 
function. 

Step-11: Find the best found result from 
P(t) with respect to the fitness value and 
constraints violation.  

Step-12: Compare the best found results 
of P(t) and P(t-1) and store the better one. 

Step-13: Go to step-6.  
Step-14: Print the result.  
Step-15: End. 
For implementing the above GA in 

solving the reliability optimization 
problems, the following components are to 
be considered. 

• GA Parameters 
• Chromosome representation 
• Initialization of population 
• Evaluation of fitness function 
• Selection process 
• Genetic operators (crossover, 

mutation and elitism) 
Population size (p_size), maximum number of 

generation (max_gen), crossover rate i.e., the 
probability of crossover (p_cross) and mutation rate 
i.e., the probability of mutation (p_mute) are the 
parameters of genetic algorithm. To obtain the best 
found solution, there is no hard and fast rule for 
selecting p_size. If p_size is very large, storing of 
data in the intermediate steps of GA may create some 
difficulties at the time of execution. On the other 
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hand, if p_size is very small, some genetic operators 
do not work properly. There is no clear indication for 
considering the value of max_gen but it varies from 
problem to problem and depends upon the number of 
genes (variables) of a chromosome in artificial 
genetics. From the natural genetics it is obvious that 
the crossover rate is always greater than that the rate 
of mutation. Generally, the crossover rate varies from 
0.6 to 0.95 whereas mutation rate varies from 0.05 to 
0.02.  Sometimes mutation rate is considered as 1=n 
where n is the number of genes (variables) of the 
chromosome. 

In the applications of GA, the appropriate 
chromosome (individual) representation of solution 
for given problems is an important task to the users. 
After the selection of chromosome representation, 
the next step is to initialize the chromosomes that 
will take part in the artifical  genetic operations like 
natural genetics. After obtaining a population of 
potential solutions, we need to check how good they 
are.  So we have to evaluate the fitness value for each 
chromosome by using fitness function. Here, the 
objective function of the transformed problem after 
the application of constraint handling (Big-M 
penalty) is considered as fitness function. In the 
application of GA the selection process plays an 
important role to improve the population in 
consecutive generations. It is the  first operator 
applied to the population.  

In this work, we have used the well known 
tournament selection process of size two with 
replacement. In this process, it selects the better 
chromosome/individual from randomly selected two 
chromo somes/individuals based on the following 
assumptions: 
 
1. When both the chromosomes /individuals are 

feasible then the one with better fitness value is 
elected. 

2. When one chromosome/individual is feasible 
and another is infeasible then the feasible one  is 
selected. 

3. When both the chromosomes/individuals are 
infeasible with unequal constraint violation, then 
the chromosome with less constraint violation is 
selected. 

4. When both the chromosomes /individuals are 
infeasible with equal constraint violation, then 
any one chromosome /individual is selected. 
After the selection process, the next operation is 

the well known genetic operation called crossover 
which empowers the GA. The function of the 
mutation process is to introduce the random changes 
in various chromosomes. The termination criterion is 
a rule for which the algorithm/process is going to 
stop. For this purpose any one of the following three 
is considered the termination criterion. 
 (1)  The  best individual does not  improve over  the 
specified generations. 
 (2)  The   total improvement of last certain number 
of best solutions is less than a pre-assigned small 
positive number. 
 (3)  The number of generations reaches maximum 
number of generations. 
In this paper we have used the last  one  as the 
termination criterion. 

 
Numerical examples: 

 
p_size = 100,   p_cros  = 0.85,      p_mute = 

0.15,   m_gen = 100. 
 
Example 1: 

 
In this example, the values of the 

different parameters n, m, A and b are  as 
follows: (see Table  1) 

n = 5, m = 1, A = (2, 2, 3, 3, 1),    b = 20. 
 
Example 2: 
 

In this example the values of the 
different parameters n, m, A and b are  as 
follows: (see Table  1) 

n = 5,   m = 1,   A = (1, 2, 4, 3, 4),    b = 25. 
 
Example 3: 
 

In this example the values of the 
different parameters n, m, A and b are  as 
follows: (see Table  1) 

n = 5,   m = 1,   A = (2, 2, 3, 3, 1),    b = 
20,

 
Table  1: Values of [rjL , rjR ] for different examples 

Example [rjL , rjR ] 
1 {[0.68, 0.72],  [0.73,  0.75],  [0.78,  0.81],  [0.80,  0.88],  [0.89,  0.95]} 
2 {[0.65, 0.70],  [0.71,  0.73],  [0.80,  0.88],  [0.82,  0.87],  [0.90, 0.92]} 
3 {[0.70, 0.70], [0.75, 0.75], [0.8, 0.8], [0.85, 0.85], [0.90, 0.90]}. 
4 {[0.65, 0.65], [0.75, 0.75], [0.80, 0.80], [0.85, 0.85], [0.9, 0.9]}. 

 
Table 2: Numerical results for different examples 

Examples xj s Optimum system reliability R CPU 
( B&B) 

CPU 
(GA) 

1 {2, 2, 2, 1, 3} [0.632667, .732781] 0.042 0.001 
2 {3, 2, 2, 2, 1} [0.732869, .804129] 0.0038 0.0009 
3 {2, 2, 2, 1, 3} [0.695454, .695454] 0.035 0.001 
4 {4, 3, 3, 2, 2} [0.930803, .930803] 0.050 0.001 
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Example  4: 
 

In this example the values of the 
different parameters n, m, A and b are as 
follows: (see Table 1) 

n = 5,   m = 2, A =   9  4  7  7  5
 

 
                                         6 9 7 8 8 
b = (100, 104)T 
 

Sensitivity analysis: 
 
In order to study the stability of our 

proposed algorithm, sensitivity analyses by  
considering Example 3, have been 
performed graphically with respect to  GA 
parameters like,  p_size, m_gen,  p_cros  and 
p_mute, separately keeping the other 
parameters at their original values.

 
 

When m_gen=50, p_cros=0.95, p_mute=0.1 

 
Fig. 1: System reliability vs. p_size 

 
When p_size=25,  m_gen=50, p_mute=0.1 

 
Fig. 2: System reliability vs. p_cros 

 
When p_size=25,  p_cros=0.95, p_mute=0.1 

 
Fig. 3: System reliability vs. m_gen 
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When p_size=25,  m_gen=50, p_mute=0.1 

 
Fig. 4: System reliability vs. p_mut 
 
Conclusion: 
 

In this paper, we  should formulated the problem 
of constrained redundancy allocation in  parallel- 
series systems with interval valued reliability of 
components and solved by  an advanced GA for  
integer variables with interval fitness function, 
tournament selection, Two-point crossover, one-
neighborhood mutation and elitism of size  one. In 
this paper, to obtain the fitness function for proposed 
GA, the constrained optimization problem (here, it is 
the maximization of constrained Redundancy 
allocation problem) is converted to an unconstrained 
optimization problem for  handling of constraints by 
a new penalty function technique. 
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