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 Background: In this paper the concept of  quasi-cone metric is discussed .Objective: 

Also some results of fixed point for mapping which satisfies in weakly contractive 
condition on quasi-cone metric spaces. Results: Are presented the results were 

extension of some existing results. 
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INTRODUCTION 

 

 In 2007 Huang and Zhang in [4] introduced the concept of cone metric spaces and proved some fixed point 

theorems for contractive mappings. Then in 2010 Beg and Abbas and Nazir in [1] presented G-cone metric 

spaces that were generalized of G-metric spaces. More results are obtained for fixed point in this spaces.(see for 

example ,[1,6,7,9,11]). The purpose of this paper is applying suitable conditions for a mapping to obtained fixed 

point on G-cone metric spaces. To obtain these results some preliminary results and definitions were referred. 

However for more details see also [2,6,9,12]. 

 

2.Preliminaries: 

 Definition 2.1[4]. Let E be a real Banach space and  P  a subset of  E. P is called a cone if and only if :  

(i) P is  nonempty , closed , and    , 

(ii) If    ,  and ,   , then  ,                                 

(iii) If both  and  then  . 

 Given a cone   , it will be defined a partial ordering which respect to P by  if  . It will be 

written  to indicate that  but  , while  will stand for   , where Int P denotes the interior of 

P. the cone P is said to be normal if there exists a real number  such that for all  , 

 . 

 The least positive number K satisfying the above statement is called the normal constant of   P . The cone P 

is regular  if every increasing sequence which is bounded from above is convergent  that is , if  is a 

sequence such that   , for some  , then there is   such that    as   . 

 Equivalently, the cone P is regular if and only if every decreasing sequence which is bounded from below is 

convergent. 

Lemma 2.1([9]). Every regular cone is a normal cone. 

Lemma 2.2 Let E be a real Banach space with a cone P. Then: 

(i) If   and  , then  [12] , 

(ii) If  and  , then  [12] , 

(iii) If  for each  , and  ,  , then  [12] , 

(iv) If and   , then  [7] , 

(v) P is normal if and only if  and   imply  [3] .  
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 Definition 2.2. Let  be a function .   is said to be continuous at  if for any sequence  in P , 

 .   is continuous if    is continuous at all  . 

In the following it is suppose that  E is a Banach space , P is a cone in E with  

and  is partial ordering with respect to P. 

 Definition 2.3. Let X  be a nonempty set and suppose  satisfies :  

(G1)    if   , 

(G2)    whenever   ,  ,  

(G3)    whenever  , 

(G4)  , (symmetry in all three variables) , 

(G5)  ,   . 

Then G is called a generalized cone metric on X, and (X,G) is called a generalized cone metric space or a G-

cone metric space. 

 Definition 2.4. A G-cone metric space is said to be symmetric if : 

 ,   

Following is example of  non symmetric G-cone metric space. 

Example 2.1([11]). Let   ,   ,  .Define  

  by 

  , 

 , 

 . 

 Here X is non symmetric G-cone metric space since   . 

 Definition 2.5. Let (X,G) be a G-cone metric space and  let  be a sequence in X .It is said that  is 

(1) a G- Cauchy sequence if ,for every   , with  , there is  such that for   ,   ,  

(2) a G- convergent sequence  to   if for  every  , with  , there is  such that for 

 ,   . Here   is called the limit of the sequence  .  

 A  G-cone metric space (X,G) is said to be G-complete if every G-Cauchy sequence in X is G-convergent in 

X. 

The following results are proved in [1]  
Lemma 2.3. If  (X,G) is a G-cone metric space , then the following are equivalent: 

(i)  converges to x. 

(ii)   as   .  

(iii)   as   . 

 (iv)   as   .  

 Lemma 2.4. Let  be a G-Cauchy sequence in a G-cone metric space (X,G), then   

as  .  

 The most of fixed-point theorems and derived results from it have been obtained in metric spaces. But some 

researchers have been considered these theorems in quasi-metric spaces. For example Mohamed jieli and 

Bessem samet in [8] showed that it can be used quasi-metric instead of metric. They obtained a new fixed point 

theorem using this method. In this paper quasi-cone metric was used to obtain new results in quasi-cone metric 

spaces. 

 

3. Main definitions and  lemmas: 

 As it was mentioned earlier, E is a real Banach space and  P is a cone in E .  

 Definition 3.1. Let X be a nonempty set . suppose the mapping   satisfies : 

(d1)    for all   , 

(d2)    if and only if   , 

(d3)    for all   . 

 Then d  is called a quasi-cone metric on X , and (X ,d) is called a quasi-cone metric space. 

 This definition is more general than that of a quasi-metric space .Note that any cone metric space is a quasi-

cone metric space, but the converse is not true in general. An example is presented in the following for quasi-

cone metric whereas is not a cone metric. 

 Example 3.1. Let   and  , with usual norm , be a real Banach space. Cone P is defined 

as . The partial ordering  with respect to the cone P be the partial ordering in E .Let 

 be given as follows: 
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 , 

 , 

 , 

 . 

Then d is quasi-cone metric and (X ,d) is quasi-cone metric space. 

 Theorem3.1. Let (X,G) be a G-cone metric space .The function    defined by 

 satisfies the following properties : 

(1)   if and only if   , 

(2)   for all  . 

 Proof. The proof of (1) is straightforward result from the property (G1) in definition 2.3. For proof of (2) it 

is sufficient be replaced z with y and a with z in (G5) from definition 2.3.       □ 

 Corollary 3.1. If  (X,G) be a G-cone metric space then the function  defined by   is a 

quasi-con metric. 
 Definition 3.2. Let (X ,d) be a quasi-cone metric space and  be a sequence in X. It is said that  is 

converges to    if and only if for every  , with  , there is 

 such  that   for all  .In the other hand  converges to    if and only 

if   .  

 Definition 3.3. Let (X, d) be a quasi-cone metric space and  be a sequence in X. It is said 

that  is left – Cauchy (right – Cauchy) if and only if  for every  , with  there exists   such that 

 , for all  (for all  ).  

 Definition 3.4. Let (X, d) be a quasi-cone metric space and  be a sequence in X. It is said 

that   is Cauchy if and only if  for every  , with  there exists    such that   , for all 

 . 

 According to the above definitions it is obviously  , a sequence  in a quasi-cone metric space is Cauchy 

if and only if  it is left-Cauchy and right-Cauchy . 

 Definition 3.5. Let (X, d)  be a quasi-cone metric space. It is said that (X, d)  is complete if and only if each 

Cauchy sequence in X is convergent . 

 The following theorem is a consequence of the previous definitions.  

 Theorem 3.2. Let  (X,G) be a G-cone metric space and   be the function defined  by  

 . Then the following results are established. 

(i)   is  G- convergent  to    if and only if   is convergent  to    in   (X ,d) , 

(ii)   is  G-Cauchy  if and only  if   is Cauchy in (X ,d)  , 

(iii) (X,G) is G-complete if and only if  (X ,d) is complete.                                                      □                                                                                                                                                                                                        
 

4. Main results: 

 There are many theorems that prove existence of a fixed point for a mapping satisfies in linear contractive 

conditions. For example see two next theorems. 

 Theorem 4.1[1]. Let  X  be a complete G-cone metric space and   be a mapping satisfying  

(4.1)    

 or    

(4.2)            

  For all  ,where  . Then T has a unique fixed point.                 □                   

 Theorem 4.2([4]). Let  (X ,d)  be a complete cone metric space with normal cone P and normal constant K . 

Suppose the mapping  satisfies the contractive condition  

(4.3)                   

For all  , where  is a constant . 

 Then , T has a unique fixed point in X . For each x  X , the iterative sequence  converges to the fixed 

point .                                                                                                     □ 

The following theorem is similar to theorem 4.2. 

 Theorem 4.3. Let  X be a complete G-cone metric space and   be the function  

defined by  and let   be a mapping satisfying  

  , for all  , where  is a constant. Then , T has a unique fixed point  

 Proof . The proof of this theorem follows immediately from the part of (4.1) in theorem 4.1. 

Taking   and    and   , then the result is established .                         □                                                       
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 Now the main theorem of this section will be discussed that the conditions of existence of a 

Fixed point for a mapping is considered which satisfies in weakly contractive condition. 

 In the following it is suppose that E is a real Banach space, P is a regular cone in E with 

  and  . 

 Theorem 4.3. Let (X ,d) be a complete quasi-cone metric space and  be a mapping satisfying 

(4.4)                         , for all    

Where  is continuous with  . If  

(4.5)              or    for each   and ,   ,  

Then T has a unique fixed point . 

 Proof. First will be showed uniqueness. Suppose there exists  with   and  

 . 

Then from (4.4) is obtained    . 

Therefore   and then from property of   ,   and finally   . 

 To show existence , select  and  be the sequence by  for all  . 

From (4.4) the following result is obtained: 

(4.6)      for all   . 

From (4.6) will be obtained 

(4.7)                                  

 Since   for all  ,this implies   or  for 

all .Therefore  is a decreasing sequence from elements of P . On the other 

  for all . So  is decreasing and bounded from below sequence in P and 

because P is regular cone so there exists  such that  . Letting  in (4.6), is 

obtained  ,i.e., . Thus,                    

(4.8)     . 

Similarly obtained        

(4.9)      . 

 Next will be showed that   is a Cauchy sequence in the quasi-cone metric space (X ,d) , that is ,  is 

left- Cauchy and right- Cauchy . If  is not a  left-Cauchy sequence , then there exists a  , with  , such 

that 

 ,  with  such that   . Hence by (4.5)  ,  

  . Therefore , there exists sequence {m(k)} and {n(k)} in  such that for all positive integers 

k,   and . Assuming that n(k) is the smallest such positive integer 

with  satisfying the above inequality. Then d  for all k.  Now, 

, that is , 

 . 

 Letting k   in the above inequality , using  (4.8)  and the property (v) of lemma 2.2 , 

will be  obtained  

(4.10)                 . 

But: 

 
and 

  . 

Letting   in the above inequality , using  (4.8) ,(4.9) and (4.10) , is obtained  

 

(4.11)             . 

Now , from (4.4) , for all k , 

(4.12)       

  Letting   in (4.12) , using (4.10) and (4.11) is obtained   which implies that    or 

 ,that is a contradiction with  . Therefore was proved that  is a left-Cauchy sequence .Similarly 



3386                                                     M.Reza Heidari Tavani, 2014 

Advances in Environmental Biology, 8(7) May 2014, Pages: 3382-3386 

  
will be showed that  is a right-Cauchy sequence . Hence  is a Cauchy sequence in the complete quasi-cone 

metric space (X ,d) . Therefore there exists  such that   as  . in the other hand  

(4.13)         .  

But from (4.4) it follows that 

 . 

Letting   and using (4.13) is obtained  

 . Similarly will be obtained  . Therefore 

(4.14)       . 

 It follows from (4.13) and (4.14) that  , that is , z  is a fixed point of  T and the proof is completed .                                                                                                                             

□                                                                                                                                 

Example 4.1. Let , with usual norm, be a real Banach space,  , . Define d , by 

 for all . Then (X ,d) is a quasi-cone metric space whereas is not cone metric space. 

In fact (X ,d) is a complete. Note that if  be a Cauchy sequence in X then  is a left-Cauchy and right-

Cauchy sequence in X and hence there exists a  such that ,for all  and arbitrary 

. Therefore  is a Cauchy sequence with ordinary metric in  and hence  is convergent in X. 

Define  the map  by  for all  and define the function    by   for all . 

 Then  is satisfies for all, . Hence conditions of theorem 4.4 are satisfied 

and the point  is the unique fixed point of the mapping T. 

 Finally, from theorem 4.4 will be obtained a fixed point theorem on G-complete cone metric spaces. 

Theorem 4.5. Let (X,G) be a G-complete cone metric space and  be a mapping satisfying 

(4.15)     

for all , where  is continuous with . If  or   for all  and  

  then T has a unique fixed point. 

 Proof. Consider the quasi-cone metric  for all . From (4.15), is obtained   

 ,for all  . Hence conditions of theorem 4.4 are satisfied and therefore T has a 

unique fixed point.                                                                                  □                                                                   
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