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ABSTRACT

This paper presents some fundamentals concepts and applications of non standard finite different scheme
for the solution of an initial value problem in ordinary differential equations. A comprehensive analysis of the
theory and applications of Non-standard methods is presented. We also examine the stability properties of the
schemes and given reasons why there is need for considering non standard methods.
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Introduction

It is a known and documented fact that a given linear or non linear differential equation does not have
a complete solution that can be expressed in terms of a finite number of elementary functions. It is also a
known fact that one of ways to solve such problems is to seek on approximate solutions by means of various
perturbation methods. (Rose, 1964), (Humi and Miller, 1988). It must be stated here that the above procedure
will only hold for limited ranges of the system parameters and the independent variable (Mickens 1994). As
reported in Mickens (1994), for arbitrary values of the system parameters at a particular time, only numerical
integration techniques can provide accurate numerical solutions to the original differential equations. We must
add here that for some problems currently being investigated in science, and Technology, Management and
medical sciences, there exist no alternative methods to numerical integration methods.

In this work, we shall begin by considering the scalar  ordinary differential equation of tfhe form;

  (1)( )
dy

f y
dx



where f (y) is a nonlinear function of y. we shall also define one step-size as               , and we also definex h 

xn = nh   (2)

where x         xn and n is an integer. The above implies that x0 {…, -2, -1, 0, 1, 2, 3,…..}
We proceed with our formation by replacing y (x) by 

y (x)        yn  (3)

Where yn is the approximation of y(xn). Also we replace f (y) by

f  (y)         fn   (4)
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Where fn is the approximation to f (y (xn) ). This given us the possibility that 

fn  = f (yn)   (5)

Using equation (1), we can replace dy by any of the following
))))
 dx

   ynt1 - yn

dy =   ))))))
  h

    yn  - yn-1   (6)
    ))))))

   h
   ynt1 - yn-1

     ))))))
  2h

Thus, a simple finite – difference method isgiven by;

yn+1  - yn    /f (yn),
 ))))))
     h

This implies that, 

yn+1  = yn + hf (yn)   (7)

This is a one-step method which is of Euler’s method’s form. The above description is an example of a
standard. Finite Difference method. The question that one may need to ask is; why do we need a non-standard
finite difference method when there exist numerous standard schemes to solve ordinary differential equation
differential equations? One of the shortcomings of standard method is that qualitative properties of the exact
solutions are not usually transferred to the numerical solution. In the consideration of the step-size, in practice,
the limit of the step-size is not reached. What we obtain is the numerical solution for one or several values
of the step-size.

This shortcoming may create a lot of problems which may affect the stability properties of the standard
approach. In the non standard approach, preservation of some essential properties of exact solution is
guaranteed. (Anguelov and Lubuma 2003). Non-standard finite difference schemes for the solution of equation
(1) were introduced by Mickens (1994) as a powerful numerical methods that preserve significant properties
of exact solution of the involved differential equation. Schemes were empirically developed using a collection
of rules, and some mathematical justifications for the success of the developed empirical procedures were also
provided.

This paper is divided into three sections ,section two, will discuss the rules and the theory of Non-standard
finite different schemes while section three will discuss the application o the schemes to some chosen
problems. The chapter will also example the stability properties of one of the  schemes

The General Theory of Non-Standard Methods

Let us consider,
dy = f (y, λ ),   (8)
))
dx

Where  λ is an n-parameter vector. Equation (8) can be written in the form  

ynt1 - yn  =   F( yn, yn+1    λ,  h)   (9)
                 
Φ( h,λ  ) 
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If dy  ~ yn+1 - yn), (10)
    ))) ))))))

dx     h

then (9) is a generalization of (10). In this case 

dy  ~ yn+1 - yn), (11)
))    ))))))
dx     Φ(λ,  h)

where Φ(h,λ) has the property that;

Φ(h,λ) = h + O (h2) (12)

λ =  fixed, h          0

The above formulation is based on the traditional definition of the derivative which is of the form 

dy  =   lim      y { x + ψ , (h) } – y (x) (13)
))) ))))))))))))))))))
dx  h          o         ψ 2(h)

Where ψ; (h) = h + O (h2), h          0 ¡ = 1, 2.

Some of the functions that satisfy condition (13) above are

Ψ1 = h, – ψ 2 = sin (h), ψ3= eh  - 1

Ψ4 = 1 – e-h, ψ 5 = 1 – e – λh

 ))))))
                       λ

The value of Ψi, i = 1, 2, --- n depends on differential equations under consideration.
We must state here that if we take h       0, then 

dy = lim y [x + Ψ1 (h)] – y (x) =  lim y  (x + h) – y (x) (14)
)))    )))))))))))))))  ))))))))))))
dx   k      0 Ψ2 h          0              h

  On close consideration of (14), we observe that if h is finite, the discrete derivatives will differ from those
that is given in textbooks (see Mickens 1994). This is one of those reasons why a non standard scheme is
needed to take care of these differences. In a non-standard formulation, adequate provision is made for the
functions, say Ψ1 (h) and Ψ2 (h) so as so guarantee the stability of the method.

The Exact Finite Difference Schemes 

Let us consider scalar ordinary differential equations of the form,

dy = f (y, x, λ), y (xo) = yo (15)
))
dx   

Where f (y, x, λ) is such that equation (15) has a unique solution on the interval [O, T] and λ Φε [λ1, λ2]
The solution to (15) can be written as 

y (x) = Φ (λ, y0  xo, x) (16)
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With 

Φ (λ, y0  xo, xo)   = yo (17)

If we now discretise equation (15), we have an equation of the form

yn +1 = g(λ, h, yn , xn), xn = nh (18)

With the solution expressed as, 

Yn = Ψ (λ , h, yo, xo, yo, ) = yo (19)

With this formulation, we can now present the following definition;

Definition 1. (Micken 1994) Equation (15) and (18) have the same general solution if yn = y (xn). That
is if the approximate solution is equal to the theoretical or analytical solution.
Definition 2 (Mickens 1994)

An exact difference scheme is one for which the solution to the difference equations has the general
solution as the associated differential equation

Mickens (1994) justified the above definition 2 with a theorem which is stated below

Theorein 1 (Micken’ 1994)

The differential equation 

dy = f (y, x, λ), y (xo) = yo (20)
))
dx   

has an exact finite difference scheme given by the expression;

yn +1 = Φ (λ, yn , xn, xn+1) (21)

Where 

Φ (λ, yo , xo, x) = y (x) (22)

Proof (Micken’s (1994)
The group property of equation (20) is of the form 

y (x +h) = Φ (λ, y , (x), x, x +h) (23)

Let  x      xn as y (x)       y (xn), then equation (23) becomes 

yn+ 1 = Φ (λ, yn , xn, xn+1) (24)

This is the required ordinary differential equation with the same general solution as equation (20)
It must be stated here that one of the shortcomings of exact – finite difference scheme is that the

theoretical solution to the ordinary differential equations must be known before we can construct an equivalent
exact difference scheme. Also a major implication of the above theorem is that the solution of the difference
equation is exactly equal to the solution of the ordinary differential equation on the computational grid for
fixed but arbitrary step-size h

Some Fundamental Rules of Non standard Schemes  

In this section attempt will be made to discuss some fundamental rules governing construction of non-
standard finite  difference methods for the solution of differential equations.
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Rule 1. (Mickens 1994)

The orders of the discrete derivatives must be equal to the orders of the corresponding derivatives of the
differential equation. If this rule is violated, this can lead to numerical instability in the form of oscillations
which may be bounded or unbounded. The mathematical reason for the above occurrence is that discrete
equations have large class of solutions than the differential equation.

As an illustration, let us consider the following first order differential equation.
dy  = - y (25)
))
dx 

If we model (25) by a central difference scheme of the form 

yn +1 - yn -1 = - yn, (26)
)))))))
    2h

If will be discovered that this modeling has extra solution that is strange because equation (26) is of
second order while equation (25) is of first order. Infact, equation (15) has only one solution. The principle
of uniqueness is violated and this lead to the existence of numerical instability.

Rule 2 (Mickens 1994)

Denominator functions of the discrete derivatives must be expressed in terms of more complicated
functions of the step-sizes that those conventionally used.

This rule allows the introduction of complex analytic function of h in the denominator 
For example, let us consider 

dy  = y (1 – y) (27)
)))
dx 

This is in form of a logistic equation. If we choose D1 = eh – 1, h = Dx we have 

yn +1 - yn      = yn (1 – yn+1) (28)
))))))
  eh – 1

It must be stated here that selection of an appropriate denominator functions is an “art” (Micken’s 1999).
We must examine the differential equations for which the exact schemes are knows. Close examination of
differential equations for which exact schemes are known, shows, that the denominator  functions generally
are function that are related to particular solution or properties of the general solution to the differences
equation.

Rule 3 (Mickens 1994)    

Nonlinear terms must, in general, be modeled nonlocally on the computational grid or lattice. In equation
(28) we have assume that y2 ~  yn yn+1. The nonlinear terms y2, y3 can be modelled as

(a) y2 ~  yn yn+1

(b) y3 ~  yn+1 yn   (yn+1+ yn)
      ))))))

2
(c) y3 ~  y2

n yn+1 
(d) y3

   ~  y2
n     (yn+1 +yn)
     ))))))

2
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The particular form that we select from (a) – (d) depends on the full discrete model 

Rule 4 (Mickens 1994) 

Special solutions of the differential equation should also be accompanied by special discrete solutions of
the finite difference models.

Rule 5 (Mickens 1994) 

The finite difference equations should not have solutions that do not correspond to solution of the
differential equations
The main justification and advantage of the nonstandard finite difference method is based on the concept
presented as definition below. This concept is widely reported in Anguelov and Lubuma (2003) 

Definition: Assume that the solution to equation (1) satisfy some property P. the difference equation of
the form,

yn+1  = F (h, yn) (29)

is called (qualitatively) stable  with respect to property P (or P- stable) if for every h>0 the set of solutions
of (29) satisfies property P.

The non standard approach puts more emphasis on the definition of stability stated above.
We shall proceed further to present some applications of non standard approach to the solution of

differential equations.

Applications of non Standard Methods to the Solution of Differential Equations

In this section we shall assume that the problem being solved is in the form of equation (1)

Example 1. (Decay Equation)

The differential (decay Equation) is given by 
dy  = - y (30)
))
dx 

Equation (30) can be transform as 
yn+1   - yn     =  - yn

 ))))))
h

Y yn+1 = yn – hyn

Y yn+1  = (1 – h)yn

Y yn+1  = (1 – h)yn

i.e  yn+1  = (1 – h)yn (31)

This is a one step method.
Also, the left hand side of (30) can be approximated as  

yn+1   - yn-1                 =  - yn

 ))))))
2h

Y yn+1 – yn-1 = –2hyn

Y yn+1 – yn-1 –2hyn

That is  

yn+1 = yn-1 –2hyn (32)
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We can also use the central difference for the first derivative as 

yn+1   - yn-1 =  - yn 

)))))))))
     2h
Y yn+1 – yn-1 =  -2yn

i.e  yn+1  = yn-1   -2yn

This can be written as

yn+2 = yn - 2yn+1   = 0  
ie yn+2 + 2yn+1 - yn       =0 (33)

Equation (23) is two-step method. Infact, it is an example of a multi step finite difference e\scheme 
Example 2 logistic Equation 
Let us consider equation of the form 

dy = y (1-y) (34)
))
dx

The forward rule scheme can be written as

yn+1 - yn  = yn  (1 – yn) 
))))))
    h

yn+1 = yn   + hyn  (1 – yn) 

This can be simplified as 

yn+1 = yn- + hyn  - hyn
2) 

That is;

yn+1 =  (1 + h) yn  - hyn
2 (35)

Exmple 3.  We present a Nonstandard finite difference schemes for the solution y1 = y2 , y(o) = 1, using the
following approximations.

y2 – ynyn+I 

y2 – yn (yn-1+ yn+1)
)))))))))))

2

using y2 –  ynyn+1 differential equation yi=y2 can be written as 

yn+1 yn = ynyn+1 (using(11) )
)))))
Ø(h)

Y yn + 1 -  yn = Φ (h)  yn  y n + 1  

i.e  yn + 1 = yn+  Φ(h) yn  yn+1 

The above can be written as 
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yn+1 - Φ(h) yn yn+1  =  yn

i.e 

yn+1 (1- Φ(h) yn) =  yn

This can be written in a compact form as 

yn+1     =     yn (36)
)))))))))
1 - Φ(h) yn 

Equation (30) is of the form

yn+1   = F (h, yn) (37)

which is in  non standard form

(ii) yn+1  – yn  =  yn (yn-1 + ynti)
))))))) ))))))))))))
 Φ(h) 2

Y ynti – yn  =  yn y n-1 + ynti  yn

)))))) ))))))))))))
  Φ(h) 2

That is 

2yn+1 – 2yn   = Φ(h) yn yn-1 +  Φ(h) yn+i  yn

Y 2ynt - Φ(h) yn+iyn   =  2yn  + Φ(h) yn  yn-i

that is 

(2 - Φ(h) yn)  yn+i    =     (2 + Φ(h) yn-I) yn

Y yn+i  =  (2+ Φ(h) yn-I) yn (38)
 )))))))))))))
 2 - Φ(h) yn

Equation (38) can be written in the form

yn+2  =  (2+ Φ(h) yn) yn+1 (39)
))))))))))))

       2 - Φ(h) yn+1

Equation (39) is of the form (37)
Example 4.
Consider the differential equation

dy = y2(y2-1) 

We proceed to construct a nonstandard difference scheme for the solution of the equation by approximating
y2+ = yn  yn=1 with this approximation, the differential equation becomes

Yn+1 – yn   =  yn yn+1 (yn yn+1 – 1)
)))))))
 Φ(h)
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Y yn+1 – yn = Φ(h) ynyn+1 (ynyn+1 – 1)

i.e  yn+1 – yn = Φ(h) y2
ny

2
n+1 –  Φ (h) ynyn+1 

Y  yn+1  =  yn + Φ (h) y2
ny

2
n+1 - Φ (h) yn y n+1

i.e yn+1 + Φ (h) ynyn+1 + yn  + Φ (h) y2 ny
2 n+1

2 

that is

yn+1 ( 1 + Φ (h) yn) = yn + Φ (h) y2 ny
2 n+1

Which leads to;

yn+1 = yn  + Φ (h) y2 ny
2 n+1 (40)

)))))))))))))))
  1 + Φ (h) yn

Equation (40) is of the form (37), a non standard scheme

Stability Analysis of  Space Examples

In this section we shall present some conditions under which the above nonstandard schemes are stable.
We shall present these conditions in terms of definition and theorem. We shall be guided by the celebrated
work of Anguelov and Lubuma (2003).

Theorem 1 (Anguelov and Lubuma  2003)

Assume that the difference scheme (29) is stable with respect to monotone dependence on initial value
assume also that for every h > 0, the equations.

y = F (h,y) and f (y) = 0 (41)

In y have the same roots considered with their multiplicity. Then the difference scheme (29) is stable with
respect to monotonicity of solutions.

The complete proof of the above theorem can be found in Anguelov and Lubuma (2003)

Theorem 2 (Anguelov and Lubuma 2003)

The finite difference scheme (29) is stable with respect to monotone dependence on initial value if

MF(h,y)  š0, yε R , h>o (42)
))))))
   My

Theorem 3 (Anguelov and Lubuma 2003)

If the assumption of theorem 1 is true then the finite difference (29) is elementary stable.
The proof of theorem (2) and (3) can be found in Anguelov and Lubuma (2003)

Theorem 4

The non- standard scheme (36) (of example 3) is stable with respect to monotone dependence on initial
value and monotone of solution and therefore is elementary stable.

Proof:

Let us consider scheme (36),
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F (h,yn)  =  y n+1 =  yn          (43)
   ))))))))))))
   1 – Φ (h) yn

Here 

F (h,y)  =  y   (44)
  ))))))))))))
   1 – Φ (h) yn

Mf(h,y)  =  [1 – Φ(h)y]  M(y)  –   yM[1–[Φ(h)]y
        ))) ))))))))))
        M y     M y

  ))))))))))))))))))))))))))))))
[1- Φ (h) y]2

1-Φ (h) y – y[ Φ (h) 
))))))))))))))))))
      [1- Φ (h) y]2

=1  -  Φ (h) y  + Φ (h) y 
))))))))))))))))))))
      [1- Φ (h) y ]2

 
= 1 >0
  ))))))))))))
    [1- Φ (h) y] 2

Mf (h,y) >0
))))))
δy

Hence , since Φ(h) is positive and h > o. this implies that scheme (36) is stable with respect to
monotone dependence on initial value.  

Remark: The same argument can be applied to scheme (39)
Using theorem (1)     – (3)

Conclusion

We have presented the theory and some applications of non standard methods. We have also established
some stability properties of one of the examples; we also stated the reason why non-standard methods are
needed despite the fact that we have numerous standard methods available. Infact, we have been able to point
out that one of the shortcomings of standard methods is that qualitative properties of the exact solution are
not usually transferred to the numerical solution.
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