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Abstract: Effects of secondary flow on convective heat transfer through a curved rectangular duct with

differentially heated vertical sidewalls are numerically studied by using the spectral method. Numerical

calculations are carried out for the Dean number 0# Dn # 1000 with a temperature difference between

the vertical outer and inner sidewalls for the Grashof numbers Gr =100, 1000 and 2000, where the outer

wall is heated and the inner one is cooled. Nusselt numbers (Nu) are calculated as an index of horizontal

heat transfer and it is found that convective heat transfer is significantly enhanced by the secondary flow.

If the flow becomes periodic and then chaotic, as Dn increases, the rate of heat transfer increases

remarkably compared to a straight channel.
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INTRODUCTION

The study of flows and heat transfer in curved

ducts and channels is of fundamental importance

because of its ample applications in chemical,

mechanical, civil, biomechanical and biological

engineering. The flow through a curved duct shows

physically interesting features under the action of the

centrifugal force caused by the curvature of the duct.

Curved diffusing passages are extensively used in many

engineering applications such as in heat exchangers, air

conditioning systems, refrigeration, ventilators, gas

turbines, aircraft intakes and centrifugal pumps. Blood

flow in the human and other animals also represents an

important application of this subject because of the

curvature of many blood vessels, particularly the aorta.

In consideration of the importance, flows in curved

ducts have been studied extensively in the literature for

several decades. Most of the early researches were

focused on the engineering applications, such as

friction factor correlation and heat transfer. In the last

few decades, the emphasis has been shifted towards

more fundamental studies of flow development,

transition and bifurcation phenomena. Recent works in

this area deal with the oscillatory and unsteady flows.

Excellent review articles on steady developing and fully

developed flows are available by Berger et al.,[1]

Nandakumar and Masliyah  and Ito .[11] [4]

Time-dependent analysis of fully developed flows

was initiated first by Yanase and Nishiyama  for a[14]

rectangular cross section in connection with the

bifurcation diagram of steady solutions. In that study,

they investigated unsteady solutions for the case where

dual solutions exist. However, time-dependent behavior

of  the flow in a curved rectangular duct of large

aspect  ratio was  investigated,  in  detail, by Yanase

et al.,  numerically. Recently, Wang and Yang[15] [13]

performed numerical as well as experimental

investigations of periodic oscillations for the fully

developed flow in a curved square duct. They showed,

both experimentally and numerically, that a temporal

o s c i l l a t i o n  t a k e s  p l a c e  b e t w e e n  t h e

symmetric/asymmetric two-vortex and four-vortex flows

where there are no stable steady solutions. Very

recently, Mondal  studied time-dependent behavior of[8]

the unsteady solutions through curved ducts with

square and rectangular cross sections and discussed the

transitional behavior of the unsteady solutions.

One of the most important effects of curved duct

flow may be the enhancement of thermal exchange

between two differentially heated vertical sidewalls,

because  secondary flows promote fluid mixing and

heat transfer in the fluid . Cheng and Akiyama  and[6] [3]

Mori et al.  numerically predicted steady, fully[10]
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developed laminar forced convection in channels with

uniform heat flux boundary conditions. In both

investigations, clear evidence of secondary flows was

shown in both velocity and temperature profiles. Ru

and Chang  considered combined free and forced[12]

convections for fully developed flows in uniformly

heated curved tubes. Ligrani et al.  studied channels[5]

of aspect ratio 40 and showed that the formation of

secondary vortices is affected more by external heating

on the outer wall than on the inner wall of the passage.

Chandratilleke and Nursubyakto  presented numerical[2]

calculations to  describe the secondary flow

characteristics and convective heat transfer for fully

developed laminar flows through curved rectangular

ducts of aspect ratios 1 to 8 heated on the outer wall,

where they obtained a good agreement between the

numerical results and their experimental data. Recently,

Mondal et al.  performed numerical investigations of[8]

non-isothermal flows through a curved square duct and

studied the effects of secondary flows on convective

heat transfer.

The main objective of the present paper is to study

the effects of secondary flows on convective heat

transfer by calculation of the Nusselt number for the

flows through a curved rectangular duct with

differentially heated vertical sidewalls.

Basic Equations: Consider a hydrodynamically and

thermally fully developed two-dimensional flow of

viscous incompressible fluid through a curved duct with

a constant curvature. The cross section of the duct is

a rectangle with width 2d and height 2h. It is assumed

that the outer wall of the duct is heated while the inner

one  is  cooled.  The temperature of the outer wall is

0 0T  - ªT and that of the inner wall is T  + ªT, where .

The x,y and z axes are taken to be in the horizontal,

vertical, and axial directions, respectively. It is assumed

that the flow is uniform in the z direction, and that it

is driven by a constant pressure gradient G along the

center-line of the duct as shown in Fig. 1.

The  variables  are nondimensionalized by using

the representative length d, the representative velocity

0 U  = v/d, where v is the kinematic viscosity of the

fluid.  We  introduce   the   non-dimensional

variables defined as

where   ,    and      are  the  velocity  components

in  the  x,y and z directions  respectively;  t  is   the

Fig. 1: Coordinate system of the curved duct.

non-dimensional time, P the non-dimensional pressure,

   the nondimensional  curvature defined as         L

being the radius of the duct curvature, and temperature

is nondimensionalized by ÄT. Henceforth, all the

variables are nondimensionalized if not specified. In the

above method of nondimensionlization, the variables

with prime denote the dimensional quantities. Since the

flow field is uniform in the z-direction, the sectional

stream function    is introduced as

A new coordinate variable y` is introduced in the

y direction as y = l y`, where          is the aspect

ratio of the cross section. From now on, y denotes y`

for the sake of simplicity. The basic equations for    

and T are  then  derived from the Navier-Stokes

equations and the energy equation with the Boussinesq

approximation as,

( 2 )

 (3)
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 (4)

where:

The Dean number Dn, the Grashof number Gr, and

the Prandtl number Pr which appear in Eqs. (2) to (4)

are defined as

where          and g are the viscosity, the coefficient

of thermal expansion, the coefficient of thermal

diffusivity, and the gravitational acceleration,

respectively. The rigid boundary conditions for w and

    are used as

and the temperature T is assumed to be constant on the

walls as

Numerical Calculations: In order to solve the Eqs. (2)

to (4) numerically the spectral method is used. This is

the method which is thought to be the best numerical

method to solve the Navier-Stokes equations as well as

the energy equation. Detail of this method is discussed

in Mondal . By this method the variables are[8]

expanded in a series of functions consisting of the

Chebyshev polynomials. That is,         and        

are expressed as

where:

is  the  n   order  Chebyshev  polynomial.th

                        and  T(x,y,t)  are  expanded  in

terms  of the expansion functions        and          as

 

where M and N are the truncation numbers in the x

and y  directions respectively. The expansion

m ncoefficients             and T  are then substituted into

the basic Eqs. (2), (3), and (4) and the collocation

method is applied. As a result, the nonlinear algebraic

m nequations for         and T   are obtained. The

collocation points are taken to be

The steady solutions are then obtained by the

Newton-Raphson iteration method assuming that all the

coefficients are time independent. The convergence is

assured by taking             where subscript p denotes

the iteration number and      is defined as

In the present numerical calculations, M  = 20 and

N = 40 have been used for sufficient accuracy of the

solutions. Numerical calculations are carried out for the

curvature         over a wide range of the Dean

number 0 # Dn # 1000 for three cases of the Grashof

numbers, Case I: Gr = 100, Case II: Gr = 1000 and

Case III: Gr = 2000 for l = 2.

Nusselt Number: The Nusselt number, Nu, which is

used as an index of the heat transfer from the wall to

the fluid, is defined as

for steady solutions. For unsteady solutions, on the

other hand, it is defined as

 

where         denotes an average over a time interval

.  When the field is periodic,    is taken as one period,

and  if  it is chaotic    is chosen as an appropriate

time interval.
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RESULTS AND DISCUSSIONS

Case I: Gr =100: In order to study the nonlinear

behavior of the unsteady solutions, time evolution

calculations of the Nusselt numbers (Nu) are performed

for Gr = 100. Figures 2 and 3 show time evolutions of

Nu for Dn = 400 and 500 respectively, where it is seen

that the flow oscillates periodically for Dn = 400 and

non-periodically i.e. chaotically for Dn = 500. Thus by

the time evolution calculations, we find that stable

steady solutions occur for 0# Dn #  390, periodic

solutions  for  395 # Dn # 425and chaotic solutions

for   430  # Dn # 1000 for Gr = 100. Therefore, the

transition from steady to periodic solution occurs in the

region between Dn = 390 and 395, and from periodic

to chaotic state between Dn = 425 and 430. Then, in

order to study the convective heat transfer for

differentially heated vertical sidewalls, variation of the

Nusselt number with the Dean number is calculated as

shown in Fig. 4 for Gr = 100, where a thick solid line

cdenotes Nu  on the inner sidewall and a thin solid line

hNu  on the outer sidewall. The time-average of Nu,

calculated by the time evolution computations on the

inner and outer sidewalls at several values of the Dean

Fig. 2: Time evolution of Nu for Dn = 400.

Fig. 3: Time evolution of Nu for Dn =500.

Fig. 4: Dean number vs. Nusselt number (Dn - Nu)

plot for Gr = 100 (thick solid line: Nu for

cooled sidewall, thin solid line: Nu for heated

sidewall, Ï  : time average of Nu for cooled

sidewall, Ä : time average of Nu for heated

sidewall).

number, is also shown in the same figure. In order to

study the details of the heat transfer from the walls to

the fluid, temperature gradients on the inner and outer

sidewalls are calculated which are shown in Figs. 5(a)

and 5(b) respectively. The behavior of the Nusselt

number, as the Dean number increases from zero, is

now discussed by examination of Figs. 4 and 5. As

seen in Fig. 4, the values of the Nusselt number are

different on both the sidewalls for Dn = 0. On the

inner sidewall the Nusselt number is larger than that on

the outer sidewall. This is due to the bend of the duct.

The relative magnitude of the Nusselt number,

however, reverses as the Dean number increases as

seen in Fig. 4. This behavior can be understood if the

profiles of the temperature gradient    on both

sidewalls  are  studied.  In Fig. 5(a), it is shown that

   on the inner (cooled) sidewall decreases in the

central region around y = 0 as the Dean number

increases. This is caused by the advection of the

secondary flow in the outward direction around y = 0

due to the centrifugal force. It is also shown in the

same figure that     tends to increase in the regions

other than the central region when the Dean number

becomes greater than 50. This is caused by the

advection of the secondary flow in the inward direction

there, which is a reverse flow of the outward secondary

flow in the central region. Since the decrease of the

Nusselt number in the central region is stronger than

the increase of the Nusselt number in the other regions

for  small  Dean numbers, the Nusselt number on the
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Fig. 5: Temperature gradient for Gr = 100. (a) At the cooled sidewall, (b) at the heated sidewall.

Fig. 6: Secondary  flows  (top)  and  temperature  profiles  (bottom)  for the steady, periodic and chaotic

solutions for Gr = 100.

inner sidewall decreases as the Dean number goes up

from zero. However, as the Dean number exceeds a

critical value, the increase of     in the upper and

lower regions overwhelms the decrease of     in the

central region, so Nu begins to increase on the inner

sidewall. As seen in Fig. 5(b), which shows the

temperature gradient on the  outer  (heated)  sidewall,

    increases, as the Dean number goes up, over the

whole region except for small Dean numbers. This is

because the secondary flow enhances      not only in

the center region but in other regions as well if the

Dean number is greater than 50. Even for small Dean

numbers    increases remarkably in the upper and

lower regions, and then Nu monotonically increases as

the Dean number goes up from zero.

Time-average of the Nusselt number, obtained by

the time evolution computation of the Nusselt number

for the inner (cooled) and outer (heated) sidewalls, is

calculated  at  several  values  of  the Dean number

for the steady, periodic and chaotic solutions and

plotted  with  the  steady  values of the Nusselt

number in Fig. 4. 
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It is found that the tendency of increasing the

Nusselt number is larger on the outer sidewall than that

on the inner sidewall for larger Dean numbers, which

can be explained by the fact that many subsidiary

secondary vortices are generated near the outer sidewall

as shown in Fig. 6, where the contours of secondary

flow and temperature profile for the steady, periodic

and chaotic solutions for Gr = 100 are shown. To draw

the contours of     and T, we use the increments    

= 0.6 and ÄT = 0.2,   respectively. The same

increments of    and T are used for all the figures in

this paper, if not specified. Right-hand side of each

box is in the outside direction of the duct curvature. In

the  figures  of  the secondary flow, solid lines

(positive   ) show that the secondary flow is in the

counter clockwise direction while the dotted lines

(negative  ) are in the clockwise direction. In the

figures of the temperature field, solid lines are those

for T$ 0 and dotted ones for T #  0. As seen in Fig. 6,

the secondary flow for the steady and periodic

solutions consist of two-vortex solutions while that for

chaotic  solution  consists of four-vortex solution for

Dn = 500 (weak chaos)  and  six-vortex solution for

Dn = 1000. In  this  regard,  it should be noted that

the  time-averaged  values  of  the Nusselt number

(see Fig. 4) for the periodic or chaotic solution on the

heated sidewall become much larger than that of the

steady values of the Nusselt number, as Dn increases,

and consequently it is suggested that the periodic or

chaotic flow enhances heat transfer in the fluid, and

this is caused by the formation of many secondary

vortices appearing at the outer wall of the duct. 

Case II: Gr =1000: We perform time evolution

calculations of the Nusselt numbers, and it is found the

increase  that stable steady solutions and periodic

solutions alternatively occur in three different intervals

of Dn; stable steady solutions for 0 #  Dn # 92, 108 #

Dn # 141 and 206 # Dn # 382 and periodic solutions

for 93 # Dn # 107, 142 # Dn # 205 and 383 #  Dn #

565.  The  chaotic  solution  occurs  for  566  # Dn

# 100. Then, in order to study the phenomena for the

convective heat transfer from the walls to the fluid,

variation of the Nusselt number with the Dean number

is shown in Fig. 7. As seen in Fig. 7, the behavior of

the steady values of the Nusselt number for Gr = 1000

has a similarity with that of the case for Gr = 100, but

their temperature gradients    shown in Fig. 8, is

different from that of Gr = 100. This is due to the

cause of high temperature difference between two

sidewalls. Then, time-average of the Nusselt number on

the inner and outer sidewalls at several values of the

Dean number are calculated for both the periodic and

Fig. 7: Dean number vs. Nusselt number (Dn - Nu)

plot for Gr = 1000 (thick solid line: Nu for

cooled sidewall, thin solid line: Nu for heated

sidewall, Ï  : time average of Nu for cooled

sidewall, Ä : time average of Nu for heated

sidewall).

chaotic solutions, and plotted with the steady values of

the Nusselt number in Fig. 7. It is observed that the

increase of the Nusselt number from the steady values

takes place for larger Dean numbers compared with the

case for Gr = 100. This is because the flow becomes

chaotic for relatively small Dean numbers at lower

Grashof numbers, whereas it remains periodic for

higher Grashof numbers. From Figs. 4 and 7, it is seen

that the increase of the Dean number leads to gradual

enhancement of the Nusselt number. To compare the

convective heat transfer of a curved duct with that of

a straight channel, an additional calculation of the

Nusselt number for a straight channel is conducted. It

is  found  that  at the specific Dean number, Dn =

600, which  is  equivalent  to   the   Reynolds

number                       the Nusselt number for the

curved duct is approximately 100% larger than that of

the corresponding straight channel. Figure 9 shows

contours of secondary flow and temperature profile for

the steady, periodic and chaotic solutions at several

values of the Dean number for Gr = 1000. As seen in

Fig. 9, a two-vortex solution appears for the steady

solution where the minor vortex is dominated by the

larger one. However, as Dn increases, the secondary

flow becomes complete two-vortex solution for the

periodic solution. For the chaotic solution, on the other

hand,  we  obtain  four-vortex solution, which

enhances heat transfer more effectively than the

periodic  states  as  seen  in  the  temperature  profile

in Fig. 9.
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Fig. 8: Temperature gradient for Gr = 1000. (a) At the cooled sidewall, (b) at the heated sidewall.

Fig. 9: Secondary flows (top) and temperature profiles (bottom) for the steady, periodic and chaotic solutions for

Gr = 1000.

Fig. 10: Dean number vs. Nusselt number (Dn - Nu)

plot for Gr = 2000 (thick solid line: Nu for

cooled sidewall, thin solid line: Nu for heated

sidewall, Ï  : time average of Nu for cooled

sidewall, Ä : time average of Nu for heated

sidewall).

Case III: Gr =2000: By the time evolution calculations

of the Nusselt numbers, it is found that stable steady

flow turns into chaos through different flow instabilities

like ”steady ÿ  periodic ÿ  chaotic ÿ  periodic ÿ

chaotic ÿ  periodic ÿ  chaotic”. We find that stable

steady solution occurs for 0 # Dn # 115, periodic

solutions for 116 #  Dn # 275, 430 # Dn # 465 and

545 # Dn # 635, and the chaotic solutions for 276 #

Dn #  425, 470 # Dn # 540 and 640 # Dn # 1000.

Then, in order to study convective heat transfer from

the walls to the fluid, we calculate variation of the

Nusselt number with the Dean number as shown in

cFig.  10,  where a thick solid line denotes Nu  on the

hinner sidewall and a thin solid line Nu  on the outer

sidewall. Time-average of the Nusselt number on the

inner and outer sidewalls at several values of the Dean

number are also calculated for both the periodic and

chaotic solutions and plotted with the steady values of
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Fig. 11: Secondary flows (top) and temperature profiles (bottom) for the steady, periodic and chaotic solutions

for Gr = 2000.

the Nusselt number in Fig. 10. It is found that the
larger the Dean number is, the larger the Nusselt

number on the outer sidewall becomes. It is also found
that, the time average values of the Nusselt number is

significantly larger from the steady values of Nu than
that of the case for Gr = 100 or Gr = 1000. This

result shows that heat transfer occurs substantially as
Dn increases.

We then draw contours of secondary flow and

temperature profile for the steady, periodic and chaotic
solutions  at several values of the Dean number for Gr

= 2000 in Fig. 11. As seen in Fig. 11, only a single-
vortex solution is generated for the steady solution. For

the periodic solution, however, we obtain two-vortex
solutions, and for the chaotic solution four- and six-

vortex solutions. Thus the formation of many secondary
vortices, which is mainly found for chaotic flow, play

an important role in enhancing heat transfer from the
heated wall to the fluid. It is, therefore, suggested that

chaotic states enhance heat transfer more effectively
than the periodic states in curved duct flows.
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