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Abstract: In the past few decades, the quantitative computation of surface roughness has received

increasing attention due to its importance in numerical surface study. In this paper, concepts of

mathematical morphology are employed to compute and characterize the surface roughness of catchments

extracted from a simulated digital elevation model (DEM). Morphological smoothing is implemented on

the simulated DEM using square kernels of increasing size. The mask of pixels modified in each

catchment at each kernel size is computed by performing the intersection operation between the catchment

and the mask of pixels modified at each kernel size. The normalized probability functions of the

catchments are computed as the ratio of the area of pixels modified in the catchment at each kernel size

to the area of the catchment. The computed values of are used to compute two important grayscale

granulometric complexity measures; average size of convex and concave regions in the catchments, and

the surface roughness of the catchments due to the convex and concave region distribution averaged over

the area of catchment. It is observed the larger the average size of the convex and concave regions in the

catchment, the larger is the average roughness of the catchment. A power law relationship is also observed

between the average size of convex and concave regions in the catchments and the surface roughness of

the catchments. This power law arises as a consequence of the fractal properties of the surface roughness

of catchments extracted from the simulated DEMs.
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INTRODUCTION

In the past few decades, the quantitative

computation of surface roughness has received

increasing  attention  due to its importance in

numerical  surface  study. A number of algorithms

have been developed to compute surface roughness .[1 ,14]

A summary of these algorithms is provided in Shepard

et al. , Li et al.  and Dinesh .[15] [16] [13 ,14]

In this paper, concepts of mathematical

morphology  are employed to compute and[17 ,19]

characterize the surface roughness of catchments

extracted from a simulated digital elevation model

(DEM). It is demonstrated, via a power law

relationship, the fractal properties of the surface

roughness of catchments extracted from simulated

DEMs.

MATERIALS AND METHODS

The Data Set: A digital elevation model (DEM) is a

set of points defined in a three-dimensional Cartesian

space (X, Y, Z) that approximates a real surface. The

X- and Y-axes may be expressed as geographic

coordinates (i.e. longitude and latitude), whereas the Z-

axis represents the altitude above sea level. It is a

digital file consisting of the terrain elevations for

ground positions at regularly spaced horizontal

intervals. DEMs can be generated directly through

photogrammetric processing of stereo-photos or satellite

imagery such as stereoscopic SPOT images, or

indirectly from the interpolation of scattered point

elevation data, of contour lines, or of Triangular

Irregular Networks (TINs) .[16 ,20 ,21]

At present, currently available digital elevation

models exhibit discontinuities with respect to coverage,

resolution, accuracy and reference datum. They are also

inhomogeneous because they are derived through

different acquisition methods. The currently best, most

comprehensive, global data set comes with a horizontal

resolution of one kilometer and an elevation accuracy

of 100 meters . Simulated DEMs (also known as[16 ,22]

transcendentally generated DEMs) are often used in

DEM research due to the unavailability of high

resolution DEM data with all contours in the spatially

distributed elevation regions . [23 ,25]
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Dinesh  proposes a mathematical morphological[26]

based algorithm to generate simulated DEMs.

Morphological decomposition is implemented on a

binary fractal to decompose the image into

topologically prominent regions (TPRs) that are

assumed to represent characteristics such as elevation

regions and contours. The simulated DEM is formed by

assigning elevation tags to the TPRs. Using this

algorithm, the binary fractal in Figure 1(a) is converted

into a simulated DEM (Figure 1(b)).

Generation of Smoothed DEM s using Morphological

Smoothing: Mathematical morphology is a branch of

image processing that deals with the extraction of

image components that are useful for representational

and descriptional purposes. Mathematical morphology

has a well developed mathematical structure that is

based on set theoretic concepts. The effects of the

basic morphological operations can be given simple

and intuitive interpretations using geometric terms of

shape, size and location. Mathematical morphology is

well suited to the processing of elevation data because

in morphology, any image is viewed as a topographic

surface, the gray level of a pixel standing for its

e levatio n .  T he  fund am en ta l  ma thematica l[ 2 7 ]

morphological operators are explained in Matheron ,[17]

Serra  and Soille . Morphological operators[1 8 ] [1 9 ]

generally require two inputs; the input image A, which

can be in binary or grayscale form, and the kernel B,

which is used to determine the precise effect of the

operator. 

Dilation sets the pixel values within the kernel to

the maximum value of the pixel neighbourhood. The

dilation operation is expressed as:

Ar B= {a+b: aºA, bºB}        (1)

Erosion sets the pixels values within the kernel to

the minimum value of the kernel. Erosion is the dual

operator of dilation: 

AsB)d (A rB)         (2)c c

An opening (Equation 3) is defined as an erosion

followed by a dilation using the same kernel for both

operations. A closing (Equation 4) is defined as a

dilation followed  by an erosion using the same kernel

for both operations. 

AºB= (AsB) r B                                    (3)

A CB= (ArB) s B                                   (4)

Morphological smoothing is implemented by

performing opening followed by closing. Greyscale

opening is used to darken small bright areas and to

reduce sharp peaks in images. Greyscale closing is

used to brighten small dark areas and to fill valleys in

images. 

Morphological smoothing is implemented on the

simulated DEM using square kernels of sizes 1 to 220.

As shown in Figure 2, as the kernel size increases, the

merge of small regions into the surrounding grey level

regions increases, causing removal of fine detail in the

DEM. The fine detail in DEMs represents crenulations,

which are used to extract hydrological features from

DEMs. Convex crenulations are used to extract ridge

networks while concave crenulations are used to extract

drainage networks . The distribution of convex and[28-30]

concave regions in a terrain indicates the surface

roughness of the terrain. The removal of convex and

concave regions from the terrain during the smoothing

process results in the terrain reduces the surface

roughness of the simulated terrain. The mask of pixels

modified at each kernel size is shown in Figure 3.

Computation of Surface Roughness of Catchments

Extracted from the Generated Simulated DEM: The

catchments of the generated simulated DEM are

extracted using the immersion simulation algorithm

proposed in Vincent and Soille . This algorithm is[31]

based on a progressive flooding of an image, is

applicable  to n-dimensional images. The pixels are

first  sorted in increasing order of their grey levels.

The successive grey levels are processed in order to

simulate the flooding propagation. A distributive sorting

technique combined with breadth-first scannings of

each grey level allow for an extremely fast computation

of catchments. A total of 50 catchments are extracted

from the DEM (Figure 4).

The procedure proposed to perform the

computation of the surface roughness of the individual

catchments is demonstrated using the first catchment

(Figure 5). The mask of pixels modified in the

catchment at each kernel size (Figure 6) is computed

by performing the intersection operation between the

catchment and the mask of pixels modified at each

kernel size. The normalized probability functions of the

catchment s(r) are computed as the ratio of the area of

pixels modified in the catchment at each kernel size

0S(r) to the area of the catchment S . A plot of the

normalized probability functions against the kernel size

is drawn (Figure 7).

0s(r)  = S(r) /S         (5)

The computed values of s(r) are used to compute

two important grayscale granulometric complexity

measures:
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Fig. 1: Generation of a simulated DEM. (a) A binary fractal image with an area of 202,171 pixels. (b) The

generated simulated DEM.
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Fig. 2: Smoothed DEMs generated using square kernels of sizes: (a) 10  (b) 25  (c) 50  (d) 100 (e) 150  (f) 220.
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Fig. 3: Mask of pixels modified during the smoothing process for the corresponding multiscale DEMs in Fig. 2.

Fig. 4: A total of 50 catchments are extracted from

the generated simulated DEM. The catchment

count number is determined by the grey level;

the brighter the grey level, the larger the count

number.

Average size AS: This indicates the average size of

convex and concave regions in the catchment.

Average Roughness H: This indicates surface

roughness of the catchment due to the convex and

concave region distribution averaged over the area of

catchment.

AS and H  are computed using the following

equations, which are due to Maragos :[32]

       (6) 

Fig. 5: The first catchment

       (7)

RESULTS AND DISCUSSIONS

AS and H  for the first catchment are computed to

be 3.105 and 0.410. The proposed procedure is

employed to compute the values of AS and H  for the

remaining catchments (Table 1). It is observed in

Figure 8 that the larger the average size of the convex

and concave regions in the catchment, the larger is the

average roughness of the catchment.A log-log plot of

H  against AS is drawn (Figure 9). A power law

relationship observed between the two parameters:

log H  = 0.840*log AS – 0.777         (8)
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Fig. 6: The mask of pixels modified in the first catchment during the smoothing process for the corresponding

smoothed DEMs in Figure 3.
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Fig. 7: Plot of the normalized probability functions of the catchment s(r) against the kernel size r.

Fig. 8: Plot of the average size of convex and concave regions in the catchments against the average roughness

of the catchments.
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Fig. 9: Log-log plot of the average size of convex and concave regions in the catchments AS against the average

roughness of the catchments H .

Table 1: The com puted values of AS and H  for the individual

catchments

Catchment Average area Average

count of  convex and roughness

number concave regions AS H

1 3.105 0.410

2 2.667 0.334

3 0.534 0.111

4 1.666 0.298

5 2.298 0.299

6 0.880 0.156

7 0.529 0.118

8 1.748 0.294

9 1.254 0.196

10 1.122 0.201

11 1.778 0.259

12 0.857 0.120

13 1.009 0.174

14 1.641 0.264

15 0.078 0.017

16 0.792 0.156

17 2.224 0.312

18 1.017 0.175

19 0.078 0.017

20 2.210 0.290

21 1.484 0.258

22 1.665 0.297

23 2.800 0.345

24 0.837 0.118

25 0.535 0.119

26 1.681 0.300

27 0.841 0.118

28 0.079 0.018

29 1.758 0.297

30 0.078 0.017

31 0.514 0.116

32 2.711 0.338

33 1.107 0.197

34 2.292 0.300

35 0.838 0.141

36 0.973 0.171

37 1.809 0.262

38 0.550 0.111

39 0.516 0.116

40 3.223 0.420

41 0.749 0.147

42 0.839 0.118

43 0.973 0.171

44 1.649 0.260

45 1.238 0.192

46 2.309 0.300

47 1.505 0.261

48 2.260 0.319

49 2.710 0.338

50 1.660 0.297

H  = -0.777*AS         (9)0.840

This  power  law  arises  as  a  consequence of
the  fractal  properties  of  the  surface  roughness  of

catchments  extracted  from  the  simulated  DEMs.
In  equation 9, -0.777 is a constant of proportionality

c,  while  0.840  is  the fractal dimension of the
surface roughness of catchments extracted from the

simulated DEM D , which indicates the variability of
the surface roughness of the extracted catchments; a

higher value of D  indicates a more varied distribution,
while a lower value of D  indicates a more even

distribution. 
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Conclusion: In this paper, concepts of mathematical

morphology were employed to compute and
characterize the surface roughness of catchments

extracted from a simulated digital elevation model
(DEM). Morphological smoothing was implemented on

the simulated DEM using square kernels of increasing
size. The mask of pixels modified in each catchment at

each kernel size was computed by performing the
intersection operation between the catchment and the

mask of pixels modified at each kernel size. The
normalized probability functions of the catchments were

computed as the ratio of the area of pixels modified in
the catchment at each kernel size to the area of the

catchment. The computed normalized probability
functions  were used to compute two important

grayscale granulometric complexity measures; average
size of convex and concave regions in the catchments,

and the surface roughness of the catchments due to the
convex and concave region distribution averaged over

the area of catchment. It was observed the larger the
average size of the convex and concave regions in the

catchment,  the  larger  is  the average roughness of
the  catchment. A power law relationship was also

observed between the average size of convex and
concave regions in the catchments and the surface

roughness of the catchments. This power law arises as
a consequence of the fractal properties of the surface

roughness  of  catchments  extracted from the
simulated DEMs.
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