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Abstract: Following by the method of variation of parameter a second approximate solution of second

order weakly nonlinear differential systems is found. The resonance case is also considered. The solutions

obtained for different initial conditions agree with numerical solutions nicely. The method is illustrated

by an example. AMS Subject Classification: 34E05.
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INTRODUCTION

Among the methods used to study nonlinear

systems with a small non-linearity, the Krylov-

Bogoliubov-M itropolskii  (KBM ) method is[2 ,4 ]

particularly convenient and is the widely used

technique to obtain the approximate solutions.

Originally the method developed for systems with

periodic solutions, was later extended by Popov  and[10]

Meldelson  for damped nonlinear oscillations.[5 ]

Following by Popov’s  technique, Murty et al.[10] [7 ]

extended the method to over-damped non-linear

systems. They investigated second and fourth order

differential equation when all the eigen-values of the

respective linear equation are real and unequal. Murty[8]

has developed a unified KBM method for solving

second order nonlinear systems which covers the

undamped, damped and over-damped cases. Sattar[11]

has studied third order over-damped nonlinear systems.

Bojadziev  found a mono-frequent damped solution of[3]

an n-dimensional, n = 2, 3,.... time-depend differential

system with strong damping effects, small time-delay

and slowly varying coefficients. Arya and Bojadziev[1]

studied a second order time dependent differential

equation with damping, slowly varying coefficients and

small time delay in which a non-periodic external force

acted. Shamsul and Sattar  has presented a unified[12]

KBM method for solving third order nonlinear systems.

Shamsul  has presented a unified method for solving[15]

an n-th order differential equation (autonomous)

characterized by oscillatory, damped oscillatory and

non-oscillatory processes. In another recent paper,

Shamsul  has extended the unified method  to[17] [15]

similar differential system with slowly varying

coefficient.

The aim of the present article is to find a second

approximate solution of second order deferential

systems with damping and sinusoidal external forces.

Recently Shamsul  has developed the general[22]

Struble’s  techniques  for several damping effect. In

this  paper,  we  have  mainly  used this technique.

The solution is similar to that obtained by the unified

KBM  techniques  but it can be found quickly.

Systems of that type are important in the theory of

automatic control. 

MATERIALS AND METHODS

Let us consider the second order time dependent

weakly nonlinear non-autonomous differential systems

         (1)

where the over-dots denote differentiation with respect

1 2to t, k  and k  are positive constant, g is a small

parameter, f is the given nonlinear function, í > 0 is

the frequency of the external forces. When 

the characteristic roots of the linear equation of (1) are

1 2complex numbers say ë , ë  and thus equation (1)

represents a damped oscillatory nonlinear system.

Therefore, the solution of the unperturbed equation of

(1) become
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(2)

1 2where a  and a  are constants of integration. We have investigated the above nonlinear system when the natural

frequency of the system and the frequency of the external forces are almost same. We have chosen an approximate

solution (see also Shamsul  for details) of (1) in the form of the asymptotic expansion  [15]

(3)

1 2where a  and a  satisfy the differential equations

 (4)

Herein solution (3) together with (4) is not considered in the usual form of the classical KBM method. Now

it is being used to investigate various oscillatory and non-oscillatory problems (see also Shamsul  for details).[15]

Confining only to the first few terms, 1, 2,...,m in the series expansions of (3) and (4), we evaluate the

functions and  such that   and  appearing in (3) and (4) satisfy the

given differential equation (1) with an accuracy . Theoretically, the solution can be obtained up to the

accuracy of any approximation. However, owing to the rapidly growing algebraic complexity for the derivation of

the formulae, the solution is in general confined to a low order, usually the first . In order to determine these[7 ,15]

unknown functions it is assumed that the functions  do not contain secular-type terms   (see also

 for details).[13 ,15 ,18 ,20]

Differentiating  twice with respect to t, substituting the derivatives,  and  in the original

equation (1) and utilizing the relation (4), we obtain

(5)

where  and .

In general f can be expanded in Taylor series as

(6)

It is customary in the KBM  method that does not contain secular terms (e. g., t cost  and  t[2 , 4 , 6]

sin t) for obtaining the periodic solution of (1). To obtain the solution of (1), it has been proposed in  that,[15 ,17]

 excluded the terms  of f where   and . This restriction guarantees

that the solution always excludes secular-type terms or the first harmonics terms, otherwise a sizeable error would
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occur. This assumption assures that  does not contain secular type term . We have already mentioned

that equation (3) is not a classical form of the KBM method. But by a simple variable transformation namely

 and   (a and n are respectively amplitude and phase variables), all these equations and

function can be transform to the usual form (see also Shamsul  for details). Under this assumption, we shall able[15]

to find the unknown functions  and  which complete the determination of the second

approximate solution of a second order non-linear system (1).

Example: Let us consider the Duffing equation with the external forces

   (7)

where k is the linear damping coefficient and í is the frequency of the external forces. When g = 0 equation (7)

become linear and suppose the eigen-values of the linear equation is  and

, where .

Thus, for equation (7), we obtain

(8)

Therefore, for example (7), equation (5) becomes

(9)

Following  the  assumption  discussed  in section 2,  excludes the terms and

1. Moreover u  also excludes the term . Thus, from equation (9), we obtain

(10)
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(11)

and

(12)

1 2To obtain the first approximate solution it can be considered that a  and a  are constants (see also Murty et

al. , Murty  for details) in the right hand sides of equations (10)-(12). Thus the particular solutions of equations[7] [8]

(10)-(12) respectively become 

(13)

(14)

and

(15)

where

(16)

1Substituting the value of u  from equation (15) into equation (9), we obtain

(17)

Our goal is to investigate the second approximate solution of the equation (7). Therefore, following the

assumption discussed in section 2, for second approximation, the variational equations and the correction terms

become
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(18)

     (19)

and

(20)

Since, we want to investigate the second approximated solution of the equation (7), so the term of the type

 should occur in the variational equations. But from the equation (18)

and (19) we see that no such type of terms is occurred i.e. equation (18) and (19) are not the actual form of

variational equation in the case of second approximation.

So, we suppose 

(21)

where 

Therefore, we obtain

(22)

Equation (22) contains . So, this is the actual form of the

variational equation. Suppose the solution of (22) is
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(23)

Therefore, we obtain

(24)

Now, comparing the equations (22) and (24), we obtain

(25)

Solving equation (25), we obtain 

Similarly, we obtain

(26)

where

and are given by the equation (16).

Now, substituting the variables by  and the eigen-values by

 and simplifying, we obtain the variational equations for a and n in the real form

(a and n are know as amplitude and phases) which transform the equations (23) and (26) respectively to
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(27)

and

     (28)

where

The variational equations (27) and (28) are the classical form of the KBM solution. The variational equations

for amplitude and phase are usually appeared in a set of first order differential equation and are solved by

numerical technique.

Therefore, the second order improved solution of the equation (7) is

(29)

where a and n are the solutions of the equations (27) and (28) respectively.

For the damped forced vibrations, to investigate the stationary regime of vibrations or to examine the stability

of the stationary regime of oscillations, we have to substitute and , which lead to

(30) 

and
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Fig. 1: First  approximate solution (dotted line) with corresponding numerical solution (solid line) are plotted

when the damping coefficient is k = 0.1, ù  = í = 1 together with initial conditions

and    

Fig. 2: First  approximate solution (dotted line) with corresponding numerical solution (solid line) are plotted

when the damping coefficient is k = 0.1, ù  = í = 1 together with initial conditions

 and 
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Fig. 3: Resonance curve for g = 0.5, k = 0.1, E = 1. 

Fig. 4: Resonance curve for  g = .1, k = .1, E = 1. 
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(31)

7 8For steady state solution, setting , and neglecting the term c  and c  , equations (30) and (31)

become

 (32)

 (33)

In the case of the stationary regime, eliminating Ø  from equations (32) and (33) gives the equation of the

resonance curve (see also Bojadziev ). Therefore, we obtain[3]

  (34)

which relates the amplitude of the response b, to the frequency í of the forcing term. 

RESULTS AND DISCUSSION

A second approximate solution of second-order time dependent nonlinear system has been obtained based on

the theory of variation of parameter. This technique is almost similar to that obtained by the unified KBM

technique. It is laborious task to solve a second approximate solution by the unified KBM technique but it can

be easily solve by Struble’s techniques. Theoretically, the solution can be obtained up to the accuracy of any order

of approximation. However owing to the rapidly growing algebraic complexity for the derivation of the function,

the solution is in general confined to a low order, usually the first. In order to test the accuracy of an approximate

solution obtained by a certain perturbation method, one can easily compare the approximate solution to the

numerical solution (considered to be exact). Due to such a comparison concerning the presented method of

variation of parameter of this paper, we refer to the works of Murty et al. , and Shamsul . In this paper, we[7] [15]

have also compared the perturbation solution of Duffing’s equation (7) to those  obtained  by  Range-kutta

(Fourth-order) procedure.

First of all,  has been computed by perturbation solution (29) with first approximation together with

initial condition  or  for . The corresponding

numerical  solutions  have  also been computed by fourth order Runge-Kutta method. All the results are shown

in  Fig.  1. From Fig. 1 the perturbation solutions are differing from the numerical solution. For this reason we

have again computed  by perturbation method with second approximation together with initial

condition or  for . The corresponding

numerical solution has also been computed in this case and all the results are plotted in Fig. 2. From Fig. 2 we

see that the perturbation solution shows a good coincidence with the numerical solution. We also sketched the

resonance curve for the condition  in Fig. 3 and for the condition 

in Fig. 4.

Conclusion: A second approximate solution of second order time dependent nonlinear deferential systems has been

found and resonance curve is sketched.  In general, the variational equations for the amplitudes and phase are

solved by numerically. In this case, the perturbation method facilitates the numerical method. The variational

equations of amplitudes and phases are important to investigate the stability of a differential system.
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