
Journal of Applied Sciences Research, 6(12): 2241-2250, 2010
© 2010, INSInet Publication

The Freezing Transition Far from Equilibrium in Crystals
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Abstract: It has been deduced from quasielastic light scattering that a layer of a mesophase exists at the
surface of a growing crystal. This layer has a thickness of a few mm corresponding to several thousand
lattice constants. The dynamics of entropy fluctuations in this layer can be characterized by a diffusion
constant D1. D1 is about a factor 106 smaller than the thermal diffusivity which characterizes entropy
fluctuations in the bulk material. Together with low value of D1 a high scattering intensity is observed
indicating an increase of a correlation length in the interface layer. Both observations can be interpreted
in terms of a cooperative process. Propagation rates VB of growth steps on facetted crystal surfaces have
been measured by laser lighter Doppler velocimetry. Vs can be calculated using Di as the rate limiting
diffusion constant. From this we conclude that the dynamics of the fluctuations which can be observed
at the solid-liquid interface of a growing crystal, have the same rate determining mechanism as the
freezing as the freezing process.
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INTRODUCTION

In this article the dynamics of crystallization from
the melt will be discussed.

The dynamics of system can be studied at three
scales or at macroscopic scale, at the scale of
fluctuations or at microscopic scale. The crystallization
process has been studied in many experiments at
macroscopic scale e.g by photographic techniques, but
only little experimental information is available at
smaller scales. In some theories the assumption is made
that the transport of latent heat is the rate limiting
process. Thus the problem of the dynamics of
crystallization from the pure melt can be reduced to the
solution of the heat flow equation and the investigation
of boundary conditions, if the basic assumption is
correct. Crystallization is the basis of many
technologies. There are only a few materials, where
crystallization does not play crucial role during
production or processing. Therefore it might be
astonishing that only little experimental information is
available about the dynamics of this transformation.
The reason for this lack is freezing is a first order
phase transition. The existence of metastable states and
finite transition entropy are typical properties of such
phase transitions. A consequence of the existence of
metastable states is. A nucleation process is necessary
to initiate freezing or melting. Once a nucleus is
formed in a supercooled liquid, freezing takes place at
the surface of the seed crystal. Freezing takes place at
the solid-liquid interface and therefore its dynamics

cannot be studied in the bulk as it has been done with
great success in the study of critical phenomena. The
second typical feature of the freezing transition is the
latent heat. Freezing takes place, only as long as the
latent is transported away form the solid-liquid
interface. 

Therefore the dynamics of the freezing transition
can be studied at non equilibrium conditions only.
Experiments far from equilibrium are difficult to
perform, because the state of a system at non
equilibrium conditions depends not only on the
momentaneous constraints but also on the history of
the system. In addition to that freezing and melting
cannot be transferred into each other by a mere time
reversal. There exist asymmetries between freezing and
melting.

For the study of the dynamics of the freezing
transition an experimental method has to be chosen
which is able to sample dynamical properties out of a
small volume or from a rough interface of two
condensed phases. Such a method is quasielastic light
scattering.

The solid-liquid interface is found in literature to
be classified to be “sharp” or “diffuse”. If the interface
is sharp on atomic scale, “rough” and “flat” interfaces
can be distinguished. “Sharp” means that the material
in crystal and melt has its bulk properties up to the
interface and the properties change there within an
interatomic distance. At a “diffuse” interface there
exists a region where the material properties change
gradually from the properties of the liquid to the ones
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of the crystal. Most theories of crystal growth are
conceptually based on the growth from the vapour and
the interface is assumed to be sharp. The concept of a
diffuse interface has first been introduced by Cahn and
Hilliard[2]. At a “flat” interface the crystal is terminated
by a perfect crystal plane. Crystal growth of an ideal
crystal can occur only by two dimensional nucleation
and lateral growth. On a “rough” crystal surface 50
percent of the lattice sites of a complete crystal plane
are covered randomly by adatoms of the next layer in
a simple two dimensional model. This state is
conserved during continuous growth normal to the
crystal surface.

Another possibility to distinguish flat and rough
surfaces is by growth dynamics. For rough interfaces
a linear dependence of growth rate VK upon
supercooling. DT is expected, whereas at flat surface
due to lateral growth the growth velocity normal to the
crystal surface shown an exponential dependence or a
power law upon DT.

Jackson has applied the Fowler Guggenhein theory
of absorption Mesquita, G.N et al[6] to the problem
whether a crystal surface is rough or facetted. The
Fowler Guggenhein theoy is based on the following
assumptions.
1. That absorption occurs on a fixed number of

definite sites to which an absorbed molecule is
bound during its residence on the surface of the
absorbent.

2. That each site is associated with the same
absorption energy which remains fixed.

3. That coverage of the surface is limited to a
monolayer. It is permissible to replace the
absorbent with a regular array of equivalent lattice
sites, each of which is either empty or occupied.

4. That the spacing between lattice sites is greater
than the greatest linear extension of the adsorbate
molecules, so that one site suffices for the
accommodation of each molecules of the surface. 

5. That no adsorbate is limited on the surface except
at these sites.

6. That the gas consists of a single chemical species.
Fowler and Guggenhein[4] have calculated the

vapour pressure P(q) of regular monolayer as a
function of q the fraction of occupied places on the
surface (fig. 1). The parameter W is the energy of
interaction of the adsorbed molecules. W = 0 represents
the ideal two dimensional gas. For interaction energies 

-               the  vapour  pressure  increases  as  q 
B

W
2< <0

K T

increases. For          =2 a critical point  is  reached
B

W

K T

and  for  values          <-2  an instability  region  is 
B

W

K T
found. 

The two co-existing states correspond to full and
empty regions in the surface of the adsorbent. 

Jackson has replaced w by the so called Jackson
aj – factor, which is defined by

          1.1j
B

L n n
a . ; =ξ

K T v v

where L is the latent heat of melting and V and n are
the number of bonds to nearest neighbours in the bulk
crystal and in the plane of interest respectively, i.e aj

is the energy of interaction in a monomolecular surface
layer of the crystal.

In the model of Jackson the homogeneous phase,
which is obtained for aj < 2 is interpreted as a rough
interface where-as the two phases obtained for aj > 2
correspond to empty and occupied sites on a flat
crystal. Although the basic assumptions seem to be
very crude for a solid-liquid interface the predictions of
the Jackson theory are in good agreement with
experiment for crystals slowly growing into pure melt.

Theoretical Consideration and Calculations: In a
system with non uniform density, total free energy can
be described by a functional, which has been proposed
first by Van der Waals and is now cited as Ginzburg-
Landau or Cahm-Hulliard functional of the free energy
F

        1.2
2

o o

v

1F(n(v) dv{f (n )+ K[Ñn(v)] }2


Here fo (no) is the free energy per unit volume of
a uniform system of density no. The term K[L n(v)]2

takes into account the possibility of a density varying
in space and represents the increase in free energy due
to gradients in concentration. It has been used in
different fields of physics, e.g. in the Ornstein and
Zernicke theory of critical opalescencen is the density
of light scattering matter. In the Ginsburg Landau
theory of superconductivity n denotes the density of
condensed electron and in the Cahn. Hilliard theory of
spinodal decomposition n stands for the concentration
of one component in a binary system.

Equation (1. 2) can be derived from an expression
of the free energy in a max Laurin series Cahn, J. W
and Hilliard J.E.
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Fig. 1: Vapour pressure of regular monolayers. The figures attached to the curves are value of w/kT. The dotted
portions of the curves represent unstable phases. The curve for w/kT = 0 is the ideal one and that for
w/kT =- 2, the critical one.
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equation (1.3) reduces to
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To deduce equation (1.2) we apply divergence theorem to
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The surface integral vanishes if we assume that L n = 0 at the surface of the studied volume and we can

eliminate the L2 terms in equation (1.5) to obtain. 
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The approximation                       , has to be kept in mind if variational techniques will be applied to 1( ) 0n

F

K df 
F. The influence of gradient terms on the behaviour of physical system can be deduced from the kinetics of
fluctuations. Especially in the region of the solid liquid interface high gradients might occurs and their influence
would by detectable in light scattering experiment.

The flux j of particle is given by the gradient in the chemical potential μ =         and a linear response
f

n


coefficient M

      1.10
f

J Mv
n




 


This is Fick’s law which is one of the physical concepts, upon which classical diffusion theory is based. The
second one is continuity equation.

      1.110j

n
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Substituting equation (1.10) into equation (1.11) we obtain the generalized diffusion equation

     1. 12
n f
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Performing the functional derivative we obtain with the Van der Waals, Ginzburg – Landau, Cahn-Hilliard free
energy equation (1.8)
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or if the mobility M does not depend on concentration
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For small deviation u(r, t) from a uniform  concentration no 
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           is the inverse susceptibility. Let u(r, t) be a Fourier component of u(r, t) and we rewrite equation (1.15)
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This equation has the solution 

      1.17
( )( , ) ( ,0) k tU k t u k e

Where Γ(k) denotes the decay rate of the amplitude of a Fourier component of the fluctuations in density
around no.

      1.18
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In the equation (1.18) the diffusion constant D depends on the scattering vector K. The deviation of D(k) from
the value D(K= 0) is a measure for the influence of gradient energies on the decay rates of density fluctuations.
If n does not change over the length Vk one can neglect gradient terms.

In the light scattering experiments at the ice – water interface the intensity of the scattered light does not
depend on the scattering angle. This means, that the diameter of the scattering inhomogeneities is small compared
to the wavelength of the scattered light. From this we expect that density changes are averaged out over distances
Vk and hence no dependence of the diffusion constant in equation (1.18) on K is expected. In dynamic light
scattering experiment Di is measured as a function of K. No dependence of Di upon K has been found. From this
as well as from the intensity measurements, we conclude that gradient energies do not influence the dynamics of
density fluctuations in the range of scattering vectors accessible in our experiment.

The mean square of the density fluctuations can be calculated. Beginning with a Taylor expansion of
Helmholtz free energy in powers of the specific volume V.

      1.19
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the Gibbs free energy,

      1.21

3
2 3 4

3
3 3

1 1 1 1 1
( ) ( ) ( )

2 3! 4!T

f
G v dv dv

VK v K V

 


 

Assuming some kind of local equilibrium one can write down a Boltzmann distribution for the fluctuations
of the Gibbs free energy.
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      1.22
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Inserting the second order term of the expansion in equation (1.19) one obtains the well known expression
for the mean square of density fluctuations.

      1.23

2 2 2 2
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This equation is valid for any volume V if K- is finite. A different dependence of   <(δv)>2 / p2 on V is
obtained in the case of an infinite isothermal compressibility, because the second order term in equation (1.19)
vanishes. The third order term vanishes for stability reasons. The remaining fourth order term yields the probability

      1.24
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from which we obtain

     1.25

132 2
3

2 2

3( ) (24 )( )( ) 4
1( )4

Bk V k T vp

P V

  



Inserting the values of the Γ-function we have

      1.26
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3
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2

1.65( )( ) Bk k Tp
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In a second step we calculate the time average of the intensity i scattered by a volume element V into a unit
area at a distance r from the scattered volume. According to Rayleigh the scattered intensity ι divided by the
incident intensity Io is

     1.27

2
2 2

2 4 4
( )

i I
V

Io r o





  

where λo is the wavelength of the scattered light, and <(δg)2> is the mean square deviation of the dielectric
constant from its mean value. δg is a function of two variables I and P assumed to be independent (Einstein, A,
1910).

     1.28( ) ( )T p T
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Neglecting the second term we obtain for the scattered intensity from equations (1.26), (1.27), (1.28) 
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We define a characteristic length, over which a fluctuation can be treated as homogeneous. Thus the volume 

element V can be taken as                   . The length R is certainly proportional to the correlation length x the 
34

3

I
V R




proportionality factor being smaller than unity. 
Therefore we can write

     1.30 
9

2i 
i has to be compared with Ic the experimentally determined intensity of the light, scattered quasielastically from
a selected area of the surface of the growing crystal. Background scattering and Brillouin scattered light have been
subtracted from the total intensity detected by the photomultiplier to obtain Ic. For aperture reasons it is always
the light scattered by the whole thickness of the layer which contributes to Ic.   

The average free energy associated with one of the above introduced quasi-homogeneous scattering volume
V is of the order of magnitude KBT. Applying the suggestion of Widom to the solid – liquid interface, we assure
that the free energy per unit interface area does not change during the change of ξ and that the thickness of the
interface layer is proportional to ξ. Therefore the number of scattering volumes V in the layer per unit area does
not change during the build up of the layer and the associated slowing down.

      1.31
9

2Ic i  

Equation (1.1) and (1.31) relate the correlation length of the fluctuations to quantities, which can be measured
in the experiment. Combining these expressions. we obtain 

      1.32
9

2
cI   

It is conceivable that for large correlation lengths the fluctuations are no longer independent. However, in this
case one expects deviations from the Γ α K2 behaviour and this has not been observed. Another possibility to
interpret the data at high Ic maybe obtained comparing the a values.

 cI  

with α 0.23 ± 1%, 1.33 of different crystals. Crystals with small angle grain boundaries show less slowing down
than perfect crystals. It might be, that imperfections disturb the interface layer in such a way, that the correlation
length does not increase above a certain value. Since the calculation of Ic does not take into account boundary
conditions, equation (1.31) is no longer valid in a disturbed interface layer. The thickness of the interface layer
in the stationary state is a few microns. It is great compared to x which is small compared to the wavelength of
visible light. Experimental data of the layer thickness as a function of x do not exist. The thickness of the liquid-
vapour interface is of the order of magnitude of the correlation length Meunier and Langevin. Nevertheless our
results indicate that suggestion advanced by widom for critical phenomena, namely that the fluctuation energy per
unit interface area is the important quantity, might be applicable to the solid- liquid interface at non equilibrium
condition.

RESULTS AND DISCUSSION

The growth of crystals from the melt at rough surfaces has been described by Wilson and Frenkel in a kinetic
model. The basic assumptions are 
a) the solid-liquid interface is sharp
b) the molecule can be adsorbed or desorbed at any site of the surface
c) there is no interaction of molecules in the surface layer of the crystal and latent heat is released if the

molecule is settled at any site of the crystal surface
d) the surface is flat in the sense that curvature effects can be neglected.

From simple rate theory one obtain for the velocity V, with which pure crystals grow into their melts at small
undercooling DT Burton et al[1].
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where D, is a diffusion coefficient for transport across the interface, L is a typical latent heat l is a typical length
at the interface e.g jump distance and TE is the equilibrium temperature of melting. D characterizes the random
walk of molecules which move from the melt to the surface of the crystal. If the molecule sticks there, it becomes
an element of the crystal, which has a density differing from the one of the melt. The dynamics of density changes
in the interface region are characterized by Di which has been measured in the light scattering experiments.
Therefore we replace D by Di in equation (1.34). For the length L which is typically a few A we use ι = σ/L,
where s is the surface free energy of the solid-liquid interface. This ratio is independent of substance and e= 2EA.
With T= TE equation (1.34) becomes 
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1 1

/ E B E

V L
Di

T L T K T




Using data Δsf(H2O) = 21.99 j/mol.k

      1.36.2.64J 
and

Δsf(Salol) = 62.8 J/mol.k;  δJ =  ξ .7.5      1.37

we obtain with TE(H2O)= 273K and TE(Salol) = 315K
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        is called the dynamical constant of crystal growth. 
V

T

The experiment lead to

      1.40
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It has been shown by Mesquita[6] that during lateral growth of Salol crystals the step velocity Vs is
proportional to ΔT and

     1.41
3( ) 2.2 10

/

V cm
Salol

T s K
 



The agreement of equation (1.38) with (1.40) and (1.39) with 1.41 support the assumption that the dynamics
of freezing are determined by Di. It is difficult to measure DT without disturbing the system. Glicksman and Huang
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was able to eliminate DT in his studies of dendritic growth. He measured the curvature of the tip radius of the
growth dendrite. Another possibility to eliminate DT has been used by Durig and Bilgram[3] in his experiments with
salol crystals. In the light scattering experiments the step velocity Vs and the step distance d are measured
simultaneously. According to Burton Gabrera and Frank[1] he calculated.

      1.42 17.2 ET
d

L T






Combining (1.41) and (1.35) an expression independent of DT is obtained

      1.43
/

17.2 E
s i

B

L T
dV D

K


with the data above it leads to 

    1.44 

2
71.3 10s

Cm
dV

S
 

Within experimental error (1.44) is in agreement with the light scattering data plotted in fig 2.

Fig. 2: Period d vs propagation velocity Vs of the line grating like structure for growth of the crystal parallel to
the [001] axis. The solid line represents the fit d = C/ Vs with C= 1.8 x 10-7cm2 s-1. Inset: Histogram of
the measured products Vs d.

Conclusions: A layer of a mesophase has been
observed in the light scattering experiment at the solid-
liquid interface. This layer has been observed during
freezing as well as during melting at conditions far
from equilibrium. The dynamics of density fluctuations
in the interface layer has been determined and step
velocity and step distances have been measured in light

scattering experiments. Growth rates at rough surface
and step have been calculated n under the assumption,
that the dynamics of freezing are determined by Di.
The agreement between calculated and measured
growth rates supports the assumption that the dynamic
of freezing are determined by the same random walk
process as the dynamics of density fluctuations in the
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interface layer. The isothermal compressibility is
infinite, when liquid and solid coexist. This is used to
interpret the dynamics of density fluctuations in the
interface layer which behave like fluctuations in free
energy in a medium with infinite compressibility. 
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