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ABSTRACT  
 
 Numerical solutions of differential equations are widely used in engineering applications, such as in power system 
stability studies. The most popular methods are based on the Euler, Modified Euler and Runge Kutta methods. In these 
methods and in general terms, the solution interval is divided into a number of steps. The value of the function at the end 
of a step is estimated from the known function value and the slope of the function at the start of the step. The process of 
estimating the values is repeated at all the steps until the final value for the last step is obtained. The various solution 
methods are known to have errors that may be reduced by reducing the step lengths. In the averaged slopes solution 
methods proposed in this paper the solution of the differential equation is obtained by generating the number of slopes 
in a step that is required to give a solution with a prescribed tolerance. Thus the accuracy of the solution is specified at 
the outset. Any step length, including the whole solution range, may be used. There is no restriction on the number of 
steps that the solution range should have since the methods determine the number of slopes to be used for any step sizes. 
There are basically two methods, the slopes may be generated using one slope, the slope at the start of the 
interval/segment, or the two slopes at the end of the interval may be averaged to obtain a more accurate function value 
at the end of the interval/segment. Of the two methods the one using the average slope in an interval converges faster. 
The major benefits of the proposed methodology are that the solutions are obtained to the desired accuracy, and without 
restriction on the sizes of step lengths. It is expected that the methodology will be applied in evaluation of the swing 
curves in stability studies. 
 
Key words: Averaged slopes methods solution of differential equations. 

 
Introduction 
 
 Numerical solutions of differential equations are important in most engineering applications, such as in stability analysis 
of power systems (Numerical methods for differential Equations, 2012). There are many well established and commonly 
used methods of solution such as the Euler, Modified Euler and Runge Kutta methods (Numerical methods for differential 
Equations, 2012; Stroud, K.A., 1996; Ordinary Differential Equations, 2012; Numerical Methods, 2012; Numerical 
Methods for Solving Differential Equations 2012 Mathematical Methods 2012; EE 840 Mathematical Methods in 
Engineering 2012). Each of the methods has errors associated with them, which are reduced by reducing the size of the step 
length. 
 The current work demonstrates the feasibility of averaged slopes methods in which the accuracy of the solution is 
predetermined and the number of slopes in a step is varied until the specified accuracy is reached. This approach therefore 
gives solutions that match the desired accuracy.  
 
Background: 
 
 The numerical solution of the equation in the range x0 to xmax,, with starting values of x0 and y0, is found using the 
Euler, Modified Euler or Runge Kutta methods or their variations (Numerical methods for differential Equations, 2012; 
Stroud, K.A., 1996; Ordinary Differential Equations, 2012; Numerical Methods, 2012; Numerical Methods for Solving 
Differential Equations 2012 Mathematical Methods 2012; EE 840 Mathematical Methods in Engineering 2012). The 
methods differ in terms of concept, complexity and accuracy. 
 Figure 1 shows the basics of the Euler method. The slope at the start of the step length is assumed to be constant in the 
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step and the change in the value of y at the end of the step length is therefore given by the product of the step length and the 
slope. The value of y at the end of the step length is used to find the slope of the function. The new slope and value of y are 
used to find the values of y and the slope at the end of the next step. The process is repeated in the next and successive steps 
until the final value of x is reached. 
 It is evident that the linearised curve giving the estimated values of y is, in the assumed function of increasing slope, 
below the actual curve and therefore the calculated final value of y at the end of the range of interest will be lower than the 
actual value. The accuracy may be improved by reducing the step length, at the expense of increasing the computation effort 
(Numerical methods for differential Equations, 2012; Stroud, K.A., 1996; Ordinary Differential Equations, 2012; Numerical 
Methods, 2012). 
                         
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 1: Euler Method. 
 
 Figure 2a shows the modified Euler method. The slope that is used in the step length is based on the average of the 
slopes at the start and end of the step. The estimated value of y in the step is a more accurate estimate of the actual value than 
in the Euler method. Therefore the final value of y at the end of the range will be more accurate than in the Euler method 
(Numerical methods for differential Equations, 2012; Stroud, K.A., 1996; Ordinary Differential Equations, 2012; Numerical 
Methods, 2012; Numerical Methods for Solving Differential Equations 2012 Mathematical Methods 2012; EE 840 
Mathematical Methods in Engineering 2012).  

                            
 
Fig. 2a: Modified Euler Method. 
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Fig. 2b: Modified Euler Method using Midpoint Slope. 
 
 Another way of interpreting the modified Euler method is given in Figure 2b. Two slopes are used in the step; the 
starting slope is applied up to the middle of the step and the slope at the midpoint is applied to the end of the step. In practice 
the slope at the midpoint is applied from the start of the step (Stroud, K.A., 1996; Ordinary Differential Equations, 2012). 
 The most accurate of the popular numerical solution methods is the Runge Kutta (Numerical methods for differential 
Equations, 2012; Stroud, K.A., 1996; Ordinary Differential Equations, 2012; Numerical Methods for Solving Differential 
Equations 2012 Mathematical Methods 2012), shown in Figure 3. The method essentially uses four slopes to calculate 
changes in the y value in the step; the slope at the start of the step, two slopes in the middle of the step and the slope at the 
end of the step. The changes in the y values are weighted and averaged to calculate the change in y in the step. The formulas 
for the four slopes are readily available. 

                        
Fig. 3: Runge Kutta Method. 
 
 The formulas for the products of step length and the slopes, denoted by rk1, rk2, rk3 and rk4, are given by 
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where h is the length of the step. The increment in the y value is given by 
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The effective slope in the step is given by  

 
Current Work: 
 
 The current work considers the possibility of using equi-distanced slopes in an interval to approximate the 
function and thereby obtain its integral using the effective slope. Such an approach would aid understanding of the 
numerical integration process as a procedure that is based on obtaining accurate representation of the function. 
Equidistant successive slopes are easier to visualize as opposed to formulas that give changes in y values due to 
various slopes used in the step. 
 In particular a question that arises is whether use of equidistance slopes can yield results comparable to the 
established methods, including those of the Runge Kutta method.  
 
Proposed Equidistance Averaged Slopes Method: 
 
 The basis of the averaged slopes methods is shown in Figure 4. The first slope is at the start of the step, and is 
known either from the specification of the problem at the start of the range or from a calculation in the preceding step. 
Each step is subdivided so that the distance between the slopes is uniform. For the case shown there are four slopes, 
with two at the ends and two within the step. Once the slopes are obtained, the effective slope is the quotient of the 
weighted sum of the slopes and twice the number of intervals. In the case shown the weighted sum is obtained by 
adding the slopes at the start and end of the step and twice each of the slopes in the middle. The sum is divided by six 
(23). The change in y in the step is the product of the step length and the average slope. 

                           
Fig. 4: Proposed Averaged Slopes Method - 4 slopes based on single interval slopes. 
 
 The procedure for the single slope procedure may be summarized as follows: 
 The x range is divided in nmax steps, depending on the specified “errormax”. In practice, the final step is 
determined during the solution, as that step that ends with a final value of xmax. 
 For a general step n,  
xn1 =x0 : first x value in step 
yn1 =y0 : first y value in step 
sn1 =s1= f(x0,y0) : slope at start of step. 
hsn = hs = hn /(ns-1) : the length of segment or interval between slopes in the nth step. The variable ns is the number of 
slopes in a step and hn is the length of the step. 
∆yi = hsn si-1 : the change in the value of y in the ith segment or interval. The slope si-1 is the slope at the start of the 
segment. 
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sni= si = fn(xi-1+hs , yi-1 +∆yi) : yi-1 is the y value at the start of the ith segment, and the counter i=2, 3, …, ns. 
 
 

 
 

 
: the average slope in the step. 
 
∆yn+1 = hn sna : the change in the y value in the nth step. 
yn+1 = yn + ∆yn+1 : the value of y at the end of the nth step. 
yfns= ynmax : the value of y at the end of the range, at xmax, for ns slopes. 
yfns+1= yns+1max : the value of y at the end of the range, at xmax, for ns+1 slopes. 
∆yf= yfns+1 - yfns : the change in the final y values between ns and ns+1 slopes. 
if |∆yf |<∆ytol : the solution is considered converged, where ∆ytol is the specified tolerance. 
yn+1

’
 = f(xn+1, yn+1) : the value of the differential equation at the end of the step. 

 There is no restriction on the number of slopes to be used. It can vary from one to whatever number may be 
required to obtain the required accuracy of result. However, the computation effort increases with increase in the 
number of slopes. 
 In the slopes method of Figure 4 it is evident that the linearised curve moves further away from the actual curve 
as the x value increases. Accuracy may be improved by reducing the step length and increasing the number of slopes 
in the interval.  
 Another way of increasing accuracy is to apply the modification of the Euler method shown in Figure 2a. The 
average of the two slopes at the ends of an interval is used to predict the change of the y value in the interval. Thus 
instead of using only Slope 1 in Figure 4 to determine the value of y at the end of the first interval, the average of 
Slopes 1 and Slopes 2 is used to predict a more accurate value of y. This is shown in Figure 5. The resulting linearised 
curve is closer to the actual curve [2, 3, 4]. The average slope in the interval may also be obtained by using the slope at 
the midpoint of the interval as shown in Figure 2b. 

                     
Fig. 5: Proposed Equidistant Slope Method - 4 slopes based on averaged interval slopes. 
 
 The procedure for the averaged slopes version is the same as for the single slope, except that: - 
 When only one slope is used in a step the slope at the midpoint of the step is used:
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 When the number of slopes is greater than 1:  
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Experimental Work: 
 
 The two versions of the proposed Equidistance Averaged Slopes Method were used to solve the function (KA. 
Stroud, 1996) y’=f(x, y) with x0=0, xmax =0.5 and y0 =1. (The solution is 1.7974 at x=0.5). In one version the slope at 
the start of an interval is used to determine the value at the end of the interval; the results are denoted by the “single” 
descriptor. In the other version the y value obtained at the end of the interval from the slope at the start is used to obtain 
slope at the end of the interval. The average of the two slopes of the interval is used to estimate a better estimate of the 
y value at the end of the interval. A new slope is found at the end of the interval based on the y value obtained from the 
average slope. The results for this version have a descriptor of “averaged”. 
 MATLAB scripts for the two versions were developed to carry out the studies. They are very basic and need not 
be presented here. It will most probably be necessary when the application to power system stability is discussed as a 
follow up work. 
 The choice of step length was linked to the difference that is obtained in the y value of the first step the value due 
to basing the y value of the averaged slope and that due to using a single slope. In Figure 6, ∆y1a and ∆y1s are the 
changes in the y value in the first step due to the averaged and single slope respectively. 
∆y1s = h y0’ where h is the step length and y0’ is the slope at x0. 
 ∆y1a= h (y0’ + y1’)/2 = h (y0’ + x1+y1)/2  
 = h (y0’ + x0 + h + yo’ +h y0’)/2  
 = h [2y0’ + h(1 + y0’)]/2  
 =h y0’ + h2 (1 + y0’)/2 
where y0’= x0 + y0 

Let ε be the difference between the two values  
ε= ∆y1a- ∆y1s=h y0’ + h2 (1 + y0’)/2 - h y0’ = h2 (1+y0’)/2 
 
The step length  
 
 
 The initial step length was determined from a specified value of the difference between the y values in the first 
step. This value has been denoted as “errormax” in the results. 

                            
Fig. 6: y value difference in first step due to slopes. 
 
 Various step lengths were used, ranging from a very large step length of 0.5 to the smallest of 0.01. The large step 
length was used to bring out the effect of large step lengths and find out what happens if few steps are used. The effect 
of controlling the size of step lengths was also studied by making the size of the step length dependent on the value of 
y’ at the start of each step. The controlled step length is equal to the preceding step length multiplied by the preceding 
y’ and divided by y’ of the step. 
 The initial number of slopes used in a step was specified as 1, although a larger number could have been used, 
and the final y value calculated and compared to the solution. If the y value was not equal to the solution the number 
of slopes was increased by 1 and the y value determined and compared to the solution. If still different the number of 
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slopes was increased and the procedure continued until the required final y value was reached. The number of slopes 
that gave the required y value and the corresponding number of steps were noted. 
 The above procedure was used because the solution was known to be 1.7974 at x=0.5. In practice the solution is 
not known and therefore it becomes necessary to define a tolerance level between results of successive iterations. The 
procedure is then to start with the initial number of slopes in an interval and calculate the final y value. Increase the 
number of slopes by 1 and calculate the final y value. Next obtain the difference between the successive y values and 
compare its absolute value to the specified tolerance value. If not converged the procedure is repeated, i.e. increase the 
number of slopes by 1, calculate the final y value, obtain the difference and compare the absolute difference to the 
specified tolerance. The solution is considered converged when the absolute value of the improvement is smaller than 
the tolerance value. The required number of slopes is therefore obtained from the procedure. 
 The result of the final y value obtained by the Runge Kutta method was used as the reference value since is equal 
to the exact value when rounded to the four decimal places. 
 
Results: 
 
 The final y values when single slopes in an interval are used are given in Table 1. Note that the actual value for y 
is 1.7974. The accurate value is only achieved for step lengths of 0.05 and for slopes in an interval equal to 9 or more. 
The errors in the values are given in Table 2. Note that the errors in the values are within 0.1% from the step length of 
0.125 and for 3 slopes or more per interval. There are large reductions in errors from 1 slope to 2 slopes at the large 
step lengths. Note that the corresponding error reductions in slopes larger than 4 are not as significant as at the lower 
numbers of slopes. In general the errors for number of slopes from 2 upwards are less than 1%, which would be 
acceptable for most applications. 
 The results indicate that all the errors are negative indicating that the single slopes method consistently gives 
values that are less than the actual values. The actual value is approached from the negative side. The accuracy 
improves with reduction in step length and for a given step length increase in number of slopes, hence intervals in a 
step.  
 The results and errors for Averaged Slopes Method are given in Tables 3 and 4 respectively. The exact value is 
reached at a step length of 0.075 and for 10 slopes in a step. However, note that the errors are within 0.01% from a 
step length of 0.3162 and for 8 slopes per step. The errors are within 0.1% from step length of 0.3162 and 3 slopes per 
step. In general the errors are much smaller than those for the single slope in Table 2. 
 The errors in the Averaged Slopes Method are positive for numbers of slopes greater than 1. This shows that the 
method consistently gives results that are slightly greater than or equal the actual values. The results for the single 
slope give slightly lower than or equal to the actual value as the step length reduces. This is expected since the slope at 
the midpoint of the step is used. 
 Figure 7 shows the variation of y with x for a step length of 0.1 and 4 slopes per step for the Averaged Slopes 
Method. Since the error in the final y value is less than 0.01% these results are very close to the actual values. 
 

Table 1: Final y values for single slopes. 
y'= f(x,y) =x+y   x0=0 y0=1 xmin=0 xmax=0.5 1.7974 

C
on

tro
ls

 Errormax 0.25 0.1 0.015625 0.01 0.005625 0.0025 0.001 0.000625 0.0001 
First step 0.5 0.3162 0.125 0.1 0.075 0.05 0.03162 0.025 0.01 
Steps 1 3 6 8 10 14 21 26 63 

    Value of y at x=0.5 

N
um

be
r o

f s
lo

pe
s i

n 
st

ep
 

1 1.5000 1.6162 1.7282 1.7425 1.7559 1.7700 1.7801 1.7837 1.7920 
2 1.7500 1.7807 1.7947 1.7956 1.7964 1.7970 1.7973 1.7973 1.7974 
3 1.7656 1.7866 1.7957 1.7963 1.7968 1.7972 1.7973 1.7974 1.7974 
4 1.7739 1.7895 1.7962 1.7966 1.7970 1.7972 1.7974 1.7974 1.7974 
5 1.7789 1.7912 1.7965 1.7968 1.7971 1.7973 1.7974 1.7974 1.7974 
6 1.7821 1.7923 1.7966 1.7969 1.7971 1.7973 1.7974 1.7974 1.7974 
7 1.7844 1.7931 1.7968 1.7970 1.7972 1.7973 1.7974 1.7974 1.7974 
8 1.7860 1.7937 1.7969 1.7971 1.7972 1.7973 1.7974 1.7974 1.7974 
9 1.7874 1.7941 1.7969 1.7971 1.7973 1.7974 1.7974 1.7974 1.7974 
10 1.7884 1.7945 1.797 1.7971 1.7973 1.7974 1.7974 1.7974 1.7974 
11 1.7892 1.7948 1.797 1.7972 1.7973 1.7974 1.7974 1.7974 1.7974 
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Table 2: Percentage Errors for Single Slope Method. 
y'= f(x,y) =x+y   x0=0 y0=1 xmin=0 xmax=0.5 1.7974 

C
on

tro
ls

 Errormax 0.25 0.1 0.015625 0.01 0.005625 0.0025 0.001 0.000625 0.0001 
First step 0.5 0.3162 0.125 0.1 0.075 0.05 0.03162 0.025 0.01 
Steps 1 3 6 8 10 14 21 26 63 

  Value of ∆y [%] at x=0.5 

N
um

be
r o

f s
lo

pe
s 

in
 s

te
p 

1 -16.5461 -10.0812 -3.8500 -3.0544 -2.3089 -1.5244 -0.9625 -0.7622 -0.3004 
2 -2.6371 -0.9291 -0.1502 -0.1001 -0.0556 -0.0223 -0.0056 -0.0056 0 
3 -1.7692 -0.6009 -0.0946 -0.0612 -0.0334 -0.0111 -0.0056 0 0 
4 -1.3074 -0.4395 -0.0668 -0.0445 -0.0223 -0.0111 0 0 0 
5 -1.0293 -0.3449 -0.0501 -0.0334 -0.0167 -0.0056 0 0 0 
6 -0.8512 -0.2837 -0.0445 -0.0278 -0.0167 -0.0056 0 0 0 
7 -0.7233 -0.2392 -0.0334 -0.0223 -0.0111 -0.0056 0 0 0 
8 -0.6342 -0.2059 -0.0278 -0.0167 -0.0111 -0.0056 0 0 0 
9 -0.5564 -0.1836 -0.0278 -0.0167 -0.0056 0 0 0 0 
10 -0.5007 -0.1613 -0.0223 -0.0167 -0.0056 0 0 0 0 
11 -0.4562 -0.1447 -0.0223 -0.0111 -0.0056 0 0 0 0 

    
 A comparison of the errors in the results for step lengths of 0.5, 0.3162, 0.125, 0.1 and 0.075 are shown in Figure 
8. The largest errors are for the single slope method, and with one slope per step. The errors, including those for the 
single slopes method, reduce significantly with increase in number of slopes per step.  
 Figure 9 shows the errors for number of steps from 2 up to 11, i.e. excluding the errors for the single slopes. With 
the exception of the results for step lengths of 0.5 and 0.3162 for single slopes method all the errors in the other results 
are insignificant for number of slopes equal to and/or greater 4, with errors that are less than -0.07% and 0.02% for the 
single and averaged slopes methods respectively. 
 

 
Fig. 7: Variation of y with x. 
 
Table 3: Final y values for Averaged Slopes. 

y'= f(x,y)=x+y   x0=0 y0=1 xmin=0 xmax=0.5 1.7974 

C
on

tro
ls

 

Errormax 0.25 0.1 0.015625 0.01 0.005625 0.0025 0.001 0.000625 0.0001 
First step 0.5 0.3162 0.125 0.1 0.075 0.05 0.03162 0.025 0.01 

Steps 1 3 5 8 10 14 21 26 63 
  Value of y at x=0.5 

N
um

be
r o

f s
lo

pe
s 

pe
r s

te
p 

1 1.7500 1.7807 1.7947 1.7956 1.7964 1.7970 1.7973 1.7973 1.7974 
2 1.8125 1.8040 1.7987 1.7983 1.7979 1.7977 1.7975 1.7975 1.7975 
3 1.8010 1.7991 1.7978 1.7977 1.7976 1.7975 1.7975 1.7975 1.7974 
4 1.7990 1.7982 1.7976 1.7975 1.7975 1.7975 1.7975 1.7974 1.7974 
5 1.7983 1.7978 1.7975 1.7975 1.7975 1.7975 1.7974 1.7974 1.7974 
6 1.7980 1.7977 1.7975 1.7975 1.7975 1.7975 1.7974 1.7974 1.7974 
7 1.7978 1.7976 1.7975 1.7975 1.7975 1.7974 1.7974 1.7974 1.7974 
8 1.7977 1.7975 1.7975 1.7975 1.7975 1.7974 1.7974 1.7974 1.7974 
9 1.7976 1.7975 1.7975 1.7975 1.7975 1.7974 1.7974 1.7974 1.7974 
10 1.7976 1.7975 1.7975 1.7975 1.7974 1.7974 1.7974 1.7974 1.7974 
11 1.7976 1.7975 1.7975 1.7975 1.7974 1.7974 1.7974 1.7974 1.7974 

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
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Table 4:  Percentage Errors for the Averaged Slopes Method. 
y'= f(x,y)=x+y   x0=0 y0=1 xmin=0 xmax=0.5 1.7974 

C
on

tro
ls

 
Errormax 0.25 0.1 0.015625 0.01 0.005625 0.0025 0.001 0.000625 0.0001 
First step 0.5 0.3162 0.125 0.1 0.075 0.05 0.03162 0.025 0.01 

Steps 1 3 5 8 10 14 21 26 63 
  Value of ∆y [%] at x=0.5 

N
um

be
r o

f s
lo

pe
s p

er
 s

te
p 

1 -2.6371 -0.9291 -0.1502 -0.1001 -0.0556 -0.0223 -0.0056 -0.0056 0.0000 
2 0.8401 0.3672 0.0723 0.0501 0.0278 0.0167 0.0056 0.0056 0.0056 
3 0.2003 0.0946 0.0223 0.0167 0.0111 0.0056 0.0056 0.0056 0 
4 0.0890 0.0445 0.0111 0.0056 0.0056 0.0056 0.0056 0 0 

5 0.0501 0.0223 0.0056 0.0056 0.0056 0.0056 0 0 0 
6 0.0334 0.0167 0.0056 0.0056 0.0056 0.0056 0 0 0 
7 0.0223 0.0111 0.0056 0.0056 0.0056 0 0 0 0 
8 0.0167 0.0056 0.0056 0.0056 0.0056 0 0 0 0 
9 0.0111 0.0056 0.0056 0.0056 0.0056 0 0 0 0 
10 0.0111 0.0056 0.0056 0.0056 0 0 0 0 0 
11 0.0111 0.0056 0.0056 0.0056 0 0 0 0 0 

 
 The effect of the step length on the accuracy is shown in Figure 10. Note that the curves for Averaged 1 slope and 
single 2 slopes are the same. This is because the averaged single slope uses the slope at the midpoint of the step, which 
is the average of the two slopes at the ends. 
 The errors for the step lengths of up to 0.1 are insignificant, less than 0.1% magnitude, with the exception of the 
single slopes with one slope per step. 
 The results in Tables 1 and 3 are for number of slopes varying from 1 to 11. For each step length considered the 
iterations were continued until the results converged; i.e. until the absolute value of the improvement between the final 
y values for successive number of slopes was less than a specified tolerance. The results in Figure 11 are for the 
averaged slopes method and a tolerance of 1x10-7. The numbers of steps and slopes for a step length of 0.5 are 1 and 
65 respectively whose product is 65. The latter gives an indication of the computing effort that is undertaken to obtain 
the solution. At the smallest step length considered of 0.01 the number of slopes per step were 8 and the number of 
steps 83 whose product is 664. In practice the choices of step length and number of slopes depends on the required y 
values in the x range. The number of y values in the range is the number of steps plus one. i.e. for one step in the x 
range only two values of y are determined, the value at the start of the step and the value at the end of the step. In 
contrast for the initial step length of 0.01 the number of steps is 83 and the number of y values is 84 in the x range. 
The results show that in general the computation effort increases with reduction in step length. 
 The convergence characteristics of the single and averaged slopes solutions were compared for a tolerance of 
1x10-5. The number of slopes and steps and their products were compared for various step lengths in Figure 12. The 
numbers of slopes are 95 and 16 for single slopes and averaged slopes respectively at a step length of 0.5. There is 
only one step and therefore the products of slopes and steps are 95 and 16 respectively for the single slopes and 
averaged slopes. While the numbers of slopes for both solution methods decrease with reduction in step length the 
numbers of steps increase with reduction of step length. Since the number of steps for the solution methods are the 
more or less same at each step length the difference in the products are due to the differences in the number of slopes 
for each step length. As the step length lengths reduce the numbers of slopes tend to the same values and therefore the 
difference between the computations efforts reduce. At the step length of 0.01 the numbers of steps are the same at 63 
and the numbers of slopes are the same at 3, giving in both cases a product of 189.  
 The accuracy of the single and the averaged slopes solutions methods for a tolerance of 1x10-5 are compared in 
Figure 13. The percentage errors are 0.003 and -0.05 at 0.5 step length. The errors reduce significantly with reduction 
in step lengths. They are 0.008 and -0.08 for averaged and single slopes methods respectively at a step length of 0.1. It 
is apparent that the solutions for the averaged slopes are more accurate than ones for the single slopes. The solutions 
for both methods give errors that may be acceptable depending on the application. 
 The effect of controlling step lengths was considered both for the single and averaged slopes solutions. Figure 14 
shows the numbers of steps, slopes and their products for the single slopes solution. The scale on the left is for the 
number of steps, slopes and their product. That on the right is for the percentage errors. Note that the percentage errors 
are negative, which is consistent with the observation made earlier that the results of the single slopes solution 
approach the actual value from the negative side. 
 The number of steps for the controlled step lengths is higher than that for the uncontrolled step lengths. This is 
expected since the gradient of the function increases for step lengths greater than 0.15. The number of slopes is 
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Future Work: 
 
 The current work was aimed at establishing the feasibility of the averaged slopes solution method of differential 
equations. Some insights have been gained and while the methodology is still in its early stages of development it has 
potential to be refined into a simplified method that may be applied to evaluation of the swing curve in power system 
stability studies. This is the objective of the future work on this methodology. 
 
Conclusions: 
 
 The averaged slopes solutions by either the single slopes or the averaged slopes methods give results that are very 
close to those obtained using established methods, including the Runge Kutta method. The averaged slopes methods 
are easy to use and can easily be used to show the effects of step lengths are number of slopes and steps on accuracy. 
 The proposed averaged slopes solution of differential equations is different from established method in that it 
requires that the desired solution accuracy be specified. The accuracy of the solution is therefore determined at the 
outset, and this can be varied if need be to find more or less accurate solutions. 
 The averaged slopes methods may be used for any number of steps, since the slopes are increased until the 
required solution tolerance is reached. The number of steps to be used is influenced by how many points of the 
function need to be determined. For example, if only the end value is required then only one step need to be taken. 
The value of the step length will be the value of the x range. If a definite number of values are required then that 
number can be used to generate the appropriate step length. Where the variation of the function is of interest then 
many steps may be taken by specifying implicitly a step length or generating one based on the desired difference 
between applying the single slope or averaged slopes in the first step of the solution. 
 The averaged solution method may be used with either single or averaged slopes. However where large accuracy 
is required it is recommended to use the averaged slopes method because of its better accuracy. In addition The 
averaged solutions method is easy to program. 
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