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ABSTRACT 
 

The classical linear congruential method for generating uniform pseudorandom numbers has some 
deficiencies that can render them useless for some simulation problems. This fact motivated the design and 
analysis of nonlinear congruential methods for the generation of pseudorandom numbers. Inversive methods are 
an interesting and very promising approach to produce uniform pseudorandom numbers. We present a critical 
analysis of the recent developments on the topic. Our exposition concentrates on recursive inversive 
congruential generators and digital inversive congruential generators. 
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Introduction 

 
It is well known that generating good and reliable pseudorandom numbers is crucial for various fields that 

depend on the computer. The success of Monte Carlo studies or any computer simulation that requires 
randomness depends - to a large extent - on a good source of random numbers. General background material on 
pseudorandom numbers unit interval [0,1] can be found in the books of (Gentle,1998; Knuth, 2011; Niederreiter, 
1992) and in the survey article of L’Ecuyer, 1994. 

The classical methods for the generation of pseudorandom numbers, such as linear congruential method and 
shift-register methods produce sequences of pseudorandom numbers with too much intrinsic regularity (Knuth, 
2011). This state of affairs motivated the last few years various researches on the design and analysis of 
nonlinear congruential methods for the generation of pseudorandom numbers (Eichenauer-Herrmann, 1993; 
L’Ecuyer, 1994). 

The present paper therefore concentrates exclusively with the developments in this area which include the 
analysis of the inversive method which is a particularly attractive nonlinear approach. In fact, no formal 
definition of a sequence of uniform pseudorandom number can be given; we only have certain characteristics in 
mind when we talk about such a sequence (Alhakim and Akinwande, 2009): 
- the sequences is generated by deterministic algorithm; 
- the sequences should be uniformly distributed on the unit interval [0,1); 
- it should pass relevant statistical and theoretical test for randomness. 

 
All standard methods of generating uniform pseudorandom numbers are based on congruences and they all 

yield periodic sequences. The desired properties of sequences of pseudorandom numbers can be summarized as 
follow: 
- long period length; 
- good statistical properties; 
- good equidistribution properties; 
- little intrinsic structure (such as lattice structure);  
- reasonably fast generation. 

 
In the next section we briefly describe the general nonlinear congruential method and analyzed the resulting 

pseudorandom number by their lattice structure. The inversive congruential generators were illustrated in 
section 3. Section 4 and 5 contain a brief discussion on both recursive - and digital - inversive generator 
respectively. In the concluding section, we compare and contrast the important features of both inversive 
methods that were discussed in the previous two sections with the linear congruential method. 

 
2.General Nonlinear Congruential Method: 
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The coarse lattice structure inherent in the linear congruential method can be broken up by using nonlinear 
method to generate uniform pseudorandom number. A general framework for nonlinear methods was described 
by Niederreiter, 1992. 

Let M = p be a large modulus and generate a sequence ,..., 10 yy  of elements 
pZ  by the first-order 

recursion pyfy nn  mod  )(1 
 for 0n , with initial value , where f  is a fixed integer-valued function on 

pZ . Since the recursion is of first order, the sequence is periodic with period of pyn  . 

Now, suppose f  is such that the sequence ,..., 10 yy  is purely periodic with least period length p, then the 

map 
pnp FyFn   can be represented by uniquely determined polynomial ][xFg p  

with pgd  )deg(: . 

Hence, we can write 
pn Fngy  )(  for 0n , where n is also viewed as an element of pF . The 

pseudorandom number ,..., 10 xx  in [0,1] are obtained by the normalization 

npn yx 1  for 0n . 

We obtained a nonlinear method if the function f cannot be represented by a linear polynomial modulo p. 
This type of pseudorandom numbers was first proposed by Eichenauer et al., 1988. 

Inversive methods in uniform pseudorandom number generation achieve nonlinearity by employing the 
operation of multiplicative inversive in suitable algebraic structures such as finite fields and residue class rings 
of the integers. We shall concentrate on the case of the finite fields. Thus, let denote the finite field of prime-

power order q by qF . In the case where q is a prime p, we identify pF  with pZ as a set. For convenience, we 

extend the definition of multiplication inversion as follows: 











0   0

0   1





if

if  

where 
qF . Then the map   becomes a permutation of 

qF . 

 
Lattice Test: 

 
The following definition follows Niederreiter, 1992 and makes sense for any congruential generator with 

prime modulus. 
Definition 1: For a given 1s , a congruential generator ,..., 10 yy  

with modulus M = p prime passes the s-

dimensional lattice test if the vectors 
0yyn  , 1n , span s

pF , where s
psnnnn Fyyyy   ),...,,(: 11

 for 0n . 

We observe from Niederreiter, 1992 that a linear congruential generator with prime modulus passes the 
lattice test only for dimension s = 1 but for nonlinear congruential generators the value of d:= deg(g), g being 
the polynomial introduced above is decisive. We now state the following theorem without proof, which was 
shown by Eichenauer et al., 1988. 

Theorem 1:  A nonlinear congruential generator with prime modulus passes the s-dimensional lattice test if 
and only if )deg(gds  . 

 
Remark: 

 
- d = 1 is impossible for a nonlinear congruential generator: The congruence ) (mod  pbanyn  leads to 

the recursion ) (mod  1 payy nn 
, which is a linear congruential generator with multiplier 1 (which is a bad 

choice). 

- The degree of a permutation polynomial over pF does not divide (p – 1). Since we only consider 

nonlinear congruential generators with maximal period length p, g(n) is a permutation polynomial. Hence, we 
have that 23  pd . 

Thus, it follows that any nonlinear congruential generator with prime modulus and maximal period length p 
passes the s-dimensional lattice test at least s = 1, 2, 3. 
 
Uniformity and Independence: 

 
The one-dimensional respectively the s-dimensional discrepancy allows us to measure how well given 

sequences of pseudorandom numbers fulfill the two basic requirements for pseudorandom numbers, uniformity 
and independence. Beside discrepancy, there exist other measures for the other uniformity of pseudorandom 
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numbers. We will only consider the (extreme) discrepancy, which is the most important measure in connection 
with pseudorandom numbers. 

Definition 2: The s-dimensional (extreme) discrepancy of a set 1
0)( 

 N
nnxP  in s)0,1[  is defined by 

)(sup:),...,,( ),(
110 jxxxD sN

PjA
JjN

s
N  

 

where J is the class of all subintervals j of 
s)0,1[  of the form ),[

1
ii

s

i
vuj


 , 10  ii vu , and A(j, P) 

denotes the cardinality of jP . 

For a first order congruential generator with modulus M and maximal period length M we clearly have 







 

 M

M

MM
xxx M

1
,...,

2
,

1
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By the result of Niederreiter, 1992, we have 
MM

M

MM
DM

11
,...,

2
,

1
,0 






   and so, we have 

Theorem 2: For any first order congruential generator with modulus M and per Mxn )(  we have 

M
xxxD MM

1
),...,,( 110  . 

Now we will provide upper bounds for the s-dimensional discrepancy ( 2s ) of overlapping s-tuples 
),...,,(:x 11n  snnn xxx of nonlinear congruential pseudorandom numbers with primes modulus. The following 

theorem from (Eichenauer-Herrmann and Niederreiter, 1994) is only useful if number d = deg(g) is known. We 
observe that it has been possible to obtain discrepancy estimates even for parts of period and the result for 
special types of nonlinear congruential generators can be improved considerably as illustrated in (Niederreiter 
and Winterhof, 2001). 

Theorem 3: For a sequence of nonlinear congruential pseudorandom numbers ,..., 10 xx
 

with prime 

modulus p we have 
i. ss

pp
s

p ppdxxxD )72.1log()1()1(1),...,,( 2
42/11

110
)(  

   
for ds 2 , 

ii. 141
110

)( )72.1log()1()1(1),...,,( 2

2/1 
  s

N
ps

pN
s

N pdxxxD
  

for pNds  1  ,12 , 

where ),...,,(:x 11  snnnn xxx . 

We observe that the degree d of the polynomial g plays an important role. If d is of magnitude 2/1p or 

larger, the bounds become useless, since we always have 10 )(  s
ND . The second inequality in Theorem 3, 

which gives a bound for the s-dimensional discrepancy for parts of the period p, is only useful if N, the number 

of points, is of higher order of magnitude than )1(2/1 dp . Thus, by Eichenauer-Herrmann, 1993, the upper 

bound in Theorem 3(ii) is, when s = 1, in general best possible up to the logarithmic factor.  
We now consider special cases of nonlinear congruential generators. 
 

Inversive Congruential Generators: 
 
The inversive congruential generators was first proposed by (Eichenauer and Lehn, 1986) and is defined by 

the recursion 
pbyay nn   mod  1 

 

for 0n , where a, b and 0y are well chosen integers in 
pF . For

pFc , c is defined as the unique solution 

modulo p of the congruence pcc   mod  1 if 0c , and 0 if  0:  cc . Clearly, 3for      mod  2   ppccc p .  A 

sequence of pseudorandom numbers ,..., 10 xx in [0,1) is obtained by normalization p
y

n
nx : . 

 
Period length: 

 
The parameters a and b should be chosen in such a way that the least period length of the sequence 

,..., 10 xx  is as large as possible. Since an inversive congruential generator is defined by a first order recursion, 

the maximal value for the least period length is equal to the modulus p. The following theorem, which was 
proved in (Eichenauer and Lehn, 1986), yields a sufficient condition for maximal period length p. 
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Theorem 4:  If pFba , are such that the polynomial abxx 2 is primitive over pF , then the 

sequence ,..., 10 xx of inversive congruential pseudorandom numbers with modulus p  satisfies .)per( pxn   

A monic irreducible polynomial over pF of degree 2 is called a primitive polynomial over pF , it has a root 

in 2p
F that generates the cyclic group *

2p
F . Parameters pFba , , such that abxx 2 is primitive over 

pF , are tabulated in (Hellekalek and Entacher, 1995) for some primes such as 1231 p . The condition that 

abxx 2 is a primitive polynomial over pF , is sufficient but not necessary for maximal period length p. 

A polynomial abxx 2 is called an inversive maximal period polynomial (IMP-polynomial), if the 
corresponding inversive congruential generator with parameters a and b yields a sequence with maximal period 

p. An algorithm to find all IMP-polynomials over a given field pF was given by Chou, 1995. 

 
Lattice test: 

 
Consider the following theorem which proof is based on the corresponding result for the general nonlinear 

congruential generator discussed in section 2 and can be found in Niederreiter, 1992. 
Theorem 5: An inversive congruential generator with prime modulus p and maximal period length passes 

the s-dimensional lattice test for all 2
1 ps . 

We recall that the lattice structure of linear congruential generators is completely different. Linear 
congruential generators fail this test for all dimensions .2s  
 
Hyperplane structure: 

 
The following strong nonlinearity property of inversive pseudorandom numbers was shown by Eichenauer-

Hermann, 1992 which stands in sharp contrast to the lattice structure of linear congruential pseudorandom 
numbers. 

Theorem 6: Let 2s , then for every inversive congruential generator  
pbyay nn   mod  1   

with prime modulus p and maximal period length p any hyperplane in s
pF contains at most s of the points 

),...,,( 11  snnnn yyyy with 10  pn and 0... 2 snn yy . 

 Observe that the condition 0... 2 snn yy eliminates exactly (s -1) of the points ny with 

10  pn (these are the points on the boundary of s)1,0[ ), while  the remaining (p-s +1) points “avoid” the 

planes. 
 
Independence: 

 
The discrepancy bound for the general class of nonlinear congruential generators does not provide a bound 

for the discrepancy of inversive congruential pseudorandom numbers, since we have 
2

1)deg(  pgd
 
in case of 

the inversive congruential generator. The following upper and lower bounds for the discrepancy of inversive 
congruential pseudorandom numbers are due to Niederreiter, 1992. 

Theorem 7:  For inversive congruential pseudorandom numbers ,..., 10 xx with prime modulus and maximal 

length, we have 
    sp

s
p
ss

pp
s

p pxxxD 72.1 log11),...,,( 22/1
41221

110
)(  

   
.0  ),,...,,(:    where,2for  11   nxxxxs snnnn
 

The inequality gives a bound of the discrepancy of the points 110 ,...,, pxxx . For the discrepancy of parts 

of the period, i.e., ),...,,( 110
)(

N
s

N xxxD with N < p, there are no theoretical results available. 

The next theorem shows that the order of magnitude of the bound in theorem 7, spp ) (log2/1 , is, in 

general, best possible up to the logarithmic factor. The total number of primitive polynomials abxx 2 over 

pF  is 2/))1(( 2 p , where   is Euler’s totient function. 
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Theorem 8: Let 5p be a prime and let 0 < t < 1. Then there are more than 2/)1()( 2 ptAp   
primitive 

polynomials abxx 2 over pF , such that, for the corresponding inversive congruential pseudorandom 

numbers with modulus p, we  have 

2/1
110

)(

42
),...,,( 

 
 p

t
xxxD p

s
p 

 

for 2s , where )(tAp  
satisfy 0

4

1
)(lim

2

2






 t

t
tAp

p
 for all t. 

 
Recursive Inversive Pseudorandom Numbers:     

 
We choose a large prime modulus p and use the recursive nonlinear method in section 2 with the special 

function bzazf )(  for all pz F , where pba F,  are fixed parameters with 0a . The resulting 

pseudorandom numbers ,..., 10 xx are called recursive (congruential) pseudorandom numbers, which were 

introduced by (Eichenauer and Lehn, 1986). Thus, we have pxper n )( . 

We observe that every primitive polynomial over pF  is an IMP polynomial over pF . Hence, for every 

prime p there exist pba F, such that we can have pxper n )( .  The s-dimensional serial test for recursive 

inversive pseudorandom number was first investigated by Niederreiter, 1989. And, it was shown that if 

pxper n )( , then the discrepancy )(s
pD of overlapping s-tuples for the full period satisfies 

).) (log( 2/1)( ss
p ppD   

For ps 1 the same bound holds for nonoverlapping s-tuples as well. This upper bound is in general 

best possible up to the logarithm factor. Since in practice we never exhaust the full period of a sequence of 
pseudorandom number, it is more important to have discrepancy bounds for parts of the period.  
 
Discrepancy Bound: 

 
The process made in the theory of certain exponential sums makes it possible to find nontrivial discrepancy 

bounds for individual sequences of these pseudorandom numbers for parts of the period since the introduction of 

recursive inversive pseudorandom number in 1986. The method for bounding )(s
ND

 
for parts of the period is 

sufficiently general that it permits the treatment of sequence ,..., 10 xx of recursive inversive pseudorandom 

number for which )(: nxpert   is arbitrary. The problem was solved by (Niederreiter and Shparlinski, 2001) 

for the dimension s = 1 and by Gutierrez et al., 2000 for 2s . The results were stated without proof in the 
following theorem: 

Theorem 9: For overlapping s-tuples of the recursive inversive pseudorandom number we have 

.1for    )) (log( 4/12/1)( tNppND ss
N                                                                     

A similar result to the theorem 9 for recursive inversive pseudorandom number with prime power moduli 
was established by (Niederreiter and Shparlinski, 2000b). Their method can also be applied to the general 
nonlinear generators described in section 2. For instance, they proved a nontrivial discrepancy bound in the case 
where the case where the modulus M is a prime.  In fact, this bound can be extended from first-order recursions 
to recursions of arbitrary order 1m . In general setting, the modulus is a large prime p and the generating 
recursion has the form  

pyyfy mnnmn   mod  ),...,( 1   

for 0n , where f is a polynomial over pF in m variables and pmyyy F110 ,...,, are initial values. A 

nontrivial discrepancy bound for this case was obtained by (Gutierrez and Gomez-Perez, 2001). 
 

Digital Inversive Pseudorandom Numbers: 
 

Let p be a prime, and suppose qF
 
is a finite of order kpq  for some integer 1k . The preferred choice 

p = 2. For fixed parameters 0  with ,   qF we generate the sequence ,..., 10  of elements of qF by 

the recursion 
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1n    
              (1)

 

for 0n with initial value 0 . If },...,{ 0 k is an ordered basis of the vector space qF over pF , then 

we have the unique representation 



k

j
j

j
nn c

1

)(  for 0n with all p
j

nc F)( . Now, a sequence 

,..., 10 xx of digital inversive pseudorandom numbers is defined by 



k

j

jj
nn pcx

1

)( for 0n . These 

pseudorandom numbers were introduced by (Eichenauer-Herrmann and Niederreiter, 1994). The speedup in the 
generation algorithm of digital inversive pseudorandom number results from the fact that, whereas 

multiplicative inversion in qF requires in general )(log q field operations, in the case kq 2 we need only 

) log(log q  field operations due to a specialized inversion algorithm for this case. Obviously, if 

tper n )( , then txper n )( , and we clearly have qt  . The criterion for having t = q is completely 

analogous to that for maximum possible period length in the recursive inversive method stated in the previous 
section. Particularly, we can always achieve t = q in the digital inversive method. 

 The s-dimensional serial test digital inversive pseudorandom number was first studied by (Eichenauer-

Herrmann and Niederreiter, 1994). It was shown that if t = q, then the discrepancy )(s
qD of overlapping s-tuples 

for the full period satisfies )) (log( 2/1)( ss
q qqD  and this upper bound is in general best possible up to the 

logarithmic factor.  (Niederreiter and Shparlinski, 2000a) obtained the first nontrivial discrepancy bound for the 
general case qtN 1 . The resulting discrepancy bound is completely similar to that in Theorem 9. 

Theorem 10: For overlapping s-tuples of digital inversive pseudorandom number we have 

)) )(log, log(min( 4/12/12/11)( ss
N qqNqqND  for .1 tN   

 We now describe briefly a new variant of the digital inversive method which was introduced 
independently by Levin, 2000 and (Niederreiter and Winterhof, 2000). 

Suppose kpq  and let },...,{ 1 k be an ordered basis of the vector space qF over pF , then we define 

,0  ,  nn qF  
by 




k

j
jjn n

1

 if 



k

j

j
j qpnn

1

1  mod with pn j 0 for .1 kj 
 

For a given qF , with 0 we generate a sequence ,..., 10  of elements of qF by the explicit 

formula   nn  
for 0n . We have the unique representation 




k

j
j

j
nn d

1

)(  for 0n with all 

p
j

nd F)( . Finally, we derive explicit inversive pseudorandom numbers by putting 



k

j

jj
nn pdx

1

)( for 

0n . Obviously, qxper n )( . In the special case k = 1 we get the explicit inversive (congruential) 

pseudorandom numbers. With an appropriate definition of “successive elements”, the following discrepancy 
bounds were shown in (Niederreiter and Winterhof, 2000). 

Theorem 11: For digital explicit inversive pseudorandom number we have, with a proper definition of the 
serial test, )) )(log, log(min( 4/12/12/11)( ss

N qqNqqND  for qN 1 and )) (log( 2/1)( ss
q qqD  . 

Digital explicit inversive pseudorandom number can also be used for parallelized simulation methods, as 
was demonstrated by (Niederreiter and Winterhof, 2001). In order to generate t parallel streams of 
pseudorandom numbers with  qt 1 , one chooses for each i = 1, … , t parameters i  and i in the roles 

   and  , respectively, in such a way that the elements rr  1
1

1
1 ,...,   of qF are distinct. Then the 

generated parallel streams simulate t independent uniformly distributed random variables. 
 

Conclusion: 
 
Firstly, inversive  congruential pseudorandom number are vastly superior with respect to lattice structure in 

comparison to the linear congruential method where a laborious calculations are needed to find multipliers that 
yield a nearly optimal lattice structure even for a modest range of dimension.  Also, inversive congruential 
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pseudorandom number show a better behavior under the serial test, thus it display more irregularity in their 
distribution and so, model truly random numbers more closely than linear congruential  pseudorandom number. 

The digital inversive method for pseudorandom number generation has several attractive properties. First of 

all, there exists a handy criterion for the maximum possible period length ,kpq  namely, that   xx 2 is 

an IMP polynomial over qF . The property that   xx 2

 
is a primitive polynomial over qF

 
provides a 

sufficient condition for the maximum period length q. Any digital inversive sequence with maximum period 
length show nice statistical independence properties in the sense of asymptotic discrepancy since there exist 

digital inversive sequences with a discrepancy )(s
qD of an order of magnitude at least 2/1q . 

Digital inverse pseudorandom numbers have the usual merit of inversive pseudorandom numbers, namely, 
that once the maximum possible period length is achieved, then they satisfy the upper discrepancy bounds 
irrespective of the specific choice of the parameters    and  

 
in the recursion 1. 

The most convenient practical implementation of the digital inversive method arises if we choose p = 2 and 

a sufficiently large integer k such that an acceptable maximum period length kq 2 is attained. This choice has 

the additional advantage that allows a fast implementation of the necessary arithmetic. One step of the recursion 

1 requires then only ) log (log q multiplications in qF , one addition in qF , and some cyclic shifts of 

coordinate vectors. This should be contrasted with the cost of one step in the recursive inversive congruential 
method with prime modulus, which in the present setup corresponds to the choice where p is a large prime and k 

= 1. In the latter method, the number of required multiplications in qF in one step of the recursion is 

) (log p . Consequently, for comparable maximum period lengths the digital inversive method with p = 2 

allows a significantly faster generation of the pseudorandom numbers than the inversive congruential method 
with prime modulus. The inversive congruential method allows a wide choice of parameters, all of which lead to 
guaranteed and comparable structural and statistical properties. This feature can be of great practical value in 
various parallelized simulation techniques in which many parallel streams of pseudorandom numbers are needed 
but in case of linear congruential method with prime modulus p, just choosing any primitive root a modulo p is 
certainly not enough. 
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