Journal of Applied Science and Agriculture, 8(6) November 2013, Pages: 911-931

\\g\‘NWHOWF AENSI Journals Journal of
A % . . . Applied

§ “ Journal of Applied Science and Agriculture Science

E nE n’I % Journal home page: www.aensiweb.com/jasa/index.html N ricutture
8 3

@ ]

% §

New Approximations of Fuzzy Numbers and Their Applications
A. Saeidifar

Faculty of science, Department of Mathematics and Statistics, Arak Branch, Islamic Azad University, Arak, Iran

ARTICLE INFO ABSTRACT
Article history: Background: The point and interval operators of the fuzzy numbers can be used to
Received 19 October 2013 transform the fuzzy comparison matrices to the point and interval comparison
Received in revised form 16 matrices in the fuzzy AHP, and the fuzzy data envelopment analysis (FDEA). The
November 2013 percentiles, skewness, kurtosis and the correlation of fuzzy numbers can play an
Accepted 19 November 2013 important role for the better recognition of the patterns in the fuzzy models. Some of
Available online 11 January 2014 these operators can be used for ranking fuzzy numbers, to estimate of the parameters
of statistical models in a fuzzyenvironment. Objective: To find the new
Keywords: approximations of fuzzy numbers and their applications. Results: Compared the new
Fuzzy numbers; Percentiles; point and interval approximations of fuzzy numbers with the previously
Point and interval approximations; approximations of the fuzzy numbers. Conclusion: In this paper, we have introduced
Correlation coefficient. the weighted interval approximation of a fuzzy number, which is an extension of the

works of Grzegorzewski. The new fuzzy interval-valued means and the interval-
valued modes of a fuzzy number are proposed. Furthermore, based on the percentiles
of fuzzy numbers the new point and interval approximations of a fuzzy number are
presented. Also a type of the correlation coefficient is mentioned for comparing
interval approximations. These crisp approximately operators of fuzzy numbers are
simple, suitable and play an important role in the fuzzy problems

© 2013 AENSI Publisher All rights reserved.

To Cite This Article: A. Saeidifar., New Approximations of Fuzzy Numbers and Their Applications. J. Appl. Sci. & Agric., 7(13): 911-
931, 2013

INTRODUCTION

Fuzzy set theory proposed by Zadeh (1965) allows us to process and transform imprecise information
effectively and flexibly. Fuzzy numbers play a significant role among all fuzzy sets since the predominate
representation of information is numeric. Representing fuzzy numbers by suitable intervals is an interesting and
important problem. An interval approximation of a fuzzy number may have many useful applications. By using
such a representation, it is possible to apply in fuzzy number approaches some results derived in the field of
interval number analysis. For example, it may be applied to a comparison of fuzzy numbers by using the order
relations defined on the set of interval numbers. Also, the problem of interval and fuzzy number comparison is
of perennial interest because of its direct relevance in modeling and optimization of real world processes.

Approximation of fuzzy quantities by scalar or crisp intervals has been studied by many researchers,
Dubois and Prade (1978,1987,2000), Ma et al. (2000), Carlsson and Fulle'r (2001), Grzegorzewski (2002),
Bodjanova (2005,2006) . Approximations of fuzzy numbers by scalars derived from the descriptive statistics are
used in statistical analysis of crisp numerical data. Bodjanova (2006) introduced the percentile characterizations
of alpha-cut of a fuzzy number, and obtained some interval approximations by special alpha-cuts. In the nature
of fuzzy samples, many fundamental statistics, such as mean, median, and mode and etc., are useful
measurements in illustrating some characteristics for the population distribution. These statistical parameters can
be quickly computed from a set of data and their basic information has been widely employed in applications.
Each statistics has its special application. For example, when we want to investigate people’s opinions or
consensus on a certain public issue, the use of mode or median will be more proper than that of mean. However,
traditional statistics reflect the results from a two valued logic opinion. To investigate the population, people’s
opinions or the complexity of a subjective event more accurately, it is suggested that we should use fuzzy logic.
Especially, when we want to know the public opinion on the environmental pollution, fuzzy statistic provides a
powerful research tool. However, we want to present some of the new definitions and techniques on the fuzzy
numbers, so that can be applied for statistical inferences on fuzzy data. These approximations are interesting
when comparing fuzzy numbers, and can be applied for solving many problems in fuzzy systems. For example,
systems of linear and nonlinear equations with fuzzy parameters are relevant to many practical problems arising
in structure mechanics, electrical engineering, finance, economics and physics; solving such equations depends

Corresponding Author: A. Saeidifar, Faculty of science, Department of Mathematics and Statistics, Arak Branch,
Islamic Azad University, Arak, Iran,
Tel.: +98 9188614933. E-mail: saeidifar2008@yahoo.com, a-saeidifar@iau-arak.ac.ir



http://www.aensiweb.com/jasa/index.html�

912 A. Saeidifar, 2013

Journal of Applied Science and Agriculture, 8(6) November 2013, Pages: 911-931

on interval parameters. Therefore, from the practical point of view, these approximations of fuzzy numbers can
help to researchers for better recognition of patterns in the fuzzy models.

In this paper, we introduce a weighted interval approximation of an arbitrary fuzzy number such that in
applications, the weight function can be chosen according to the actual situation by decision makers. In
subsection 3.2 we present fuzzy intervals that are obtained from fuzzy sample data based on expert opinion. In
section 4, the median value and interval-valued median of fuzzy numbers are recalled. In subsection 4.1, we
introduce the percentiles and percentile intervals of a fuzzy number that are new and different from the
percentiles definition of fuzzy numbers by Bodjanova (2006). In section 5, we present a new mode value of a
trapezoidal fuzzy number and it is extended to a family of fuzzy numbers. In section 6, some the approximations
of a fuzzy number are compared through three theorems. In section 7, the correlation coefficient between two
fuzzy intervals is introduced, and several applications are mentioned for further research in future. Conclusion is
given in section 8.

2. Preliminarily:
Let R be the set of all real numbers. We assume that for all x € R, the fuzzy number A can be expressed

in the following form:

A (x) xela,b],
1 xela, b],
A (x) xela, b],
1] therwise.

Ax) = 1)

Where a, b, ¢, d are real numbers such thata <= b < ¢ <= d,A;is a real valued increasing and right

continuous function and A is a real valued decreasing and left continuous function. Notice that (1) is in fact an
L-R fuzzy number with strictly monotone shape function, as proposed by Dubois and Prade in 1981 and also

described by Dubois and Prade (1978). Each fuzzy number A described by (1) has the following & — level sets
(@ — cuts)[4], = [4;(a), Az (a)] = [a(a),ay(@)], forall @ € (0,1],[4], = supp (4),

the support of 4, supp(4) = {x € R|A(x) = 0} is bounded. For a fuzzy number A, its — cutset,
[4], = [ay(a), a,(a)] is a closed interval, where ay(a) = in f{x|A(x) = al. If the left and right

sides of fuzzy number A are strictly monotone, obviously, al[rxj,az (@) are inverse functions of AL and AR,

respectively. The space of all fuzzy numbers will be denoted by F (R) and P(R) denotes a family of all closed
intervals on the real line that, the members of P(R) are subset of R. Let A be a fuzzy number with the following
shape functions

x—a d—x
A, (x) = (—)" A (x) = (—)"
L) = G Ax () = G—)
Where u>0 , we denote this subfamily of fuzzy numbers by F,J (R) = F(R) or A = (a, b, ¢, d),,, (see

Fig.1), If n=1, then A=(a, b, c, d) is called a trapezoidal fuzzy number. If 7 = 1, the fuzzy number a
concentration of A. If 0<n<1, then A* is a dilation of A.

O=n<1

a 4] c d

Fig. 1: Fuzzy number A = (a, b, c, d),.
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Note that the fuzzy number A with the membership function A(x) (which has an unbounded support) is
defined as:

A (x) x=b,
Alx) =41 xe[b, c], (2)
Ag(x) x=c.

2.1. Mean value and interval-valued mean:
In this subsection, we first recall several intervals of a fuzzy number A, and then the new approximations of
A introduced in two subsections.

Definition 1:
(Carlson and Fuller 2001) The possibilistic mean value and the interval valued possibilistic mean of the
fuzzy number A are defined as

M(A) = [ a(a,(a) + a,(a))da, ®)
IM(4) = [M,(4),M,(4)] = [2 ] aa,(a)da,2 [, aa,(a)da] @)

In [13] showed that (3) and (4) are the nearest point and interval of the fuzzy number A, respectively.
Dubois and Prade (1987) have introduced the expected interval of fuzzy number A as

1 1

E1(4) = [£,(4),E,(4)] = [ | a@aa, |

0

a,(a) r:icx,l

The middle point of El (A) is E(4) = _I":Mdrx, that is called the mean value of fuzzy

number A.

2.2. f- weighted mean and interval-valued mean:
In this subsection, we use the weighted distance between two fuzzy numbers to investigate the point and
interval approximations of arbitrary fuzzy numbers. Thus, we have to use an operator C: F{ R} — P (R )which

transforms a fuzzy number into a family of the closed intervals on the real line. Given the fuzzy number A and
itsy —ecut set A, = [a(y),aly)], our aim is to find an interval of fuzzy number A as

Ci (A) = [€},Cy], where C; is its lower bound and Cy; upper bound. ¢’ (4) is called weighted interval
approximation of the fuzzy number A with respect to the weighed distance d, that defined by

d(acl@)= J S0 (at) - )%y + [} FI@G) — Cp)2ay]. ©)

Where Cg (4) = [C, .Cy] is an interval of the support function, i.e. [c’; (A)], = [CL.Cy]. And the

1
function f ; [D,l] — R is nonnegative, monotonic increasing, and fﬁ f[}’] = 1. In fact, the relationship (5)
is a type of the weighted distance between the endpoints of its level sets and two points of the support function

fuzzy number A. The close interval C£ (4) = [C, ,Cy] is the nearest weighted interval to A based on (5)
(more see [13]), where

cly =[f] fWady, [ FOHE0)dy]. ©)

Note that different methods to find interval approximations of a fuzzy set are introduced. The easiest way is
to substitute a fuzzy number either by its support Co= supp (A) or by its core C=core (A), and generally,

C, = fxeR|A(x) = ¥} for any ¥ € [0,1] is an interval approximation of fuzzy sets, namely, C, is
probably the best known and it is the most popular in practice operator. However, all this operators have quite a
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natural interpretation and sometimes a very unpleasant drawback-the lack of continuity. Here the nearest
weighted interval approximation of fuzzy number is obtained so that it has good summarized information of a
fuzzy number; specially, when weighting function f is usable and changeable in the fuzzy AHP problems.

Remark 1:

We also can de ne the nearest weighted interval approximation of a fuzzy number in the family of all left-
sided fuzzy numbers (FLS(R )) and the family of all right-sided fuzzy numbers (FRS(R)), such that the nearest
weighted interval approximation of the left-sided fuzzy number A is:

1
Ci(A) = [} Fady, +); AcF5(R), @
and the nearest weighted interval approximation of the right-sided fuzzy number A is:

ci(4) = (—m, fulf(}*]g(r]dr] ; AeFgs(R). )

In applications, the weight function f(}) can be chosen according to the actual situation; hence, decision-

maker’s can select different functions to approximate a fuzzy number by the weighted intervals, more see
Saeidifar (2009, 2011). In fact, our weighted interval approximation is more flexibility than the interval
approximation introduce by Grzegorzewski (2002), because we can change the weighting function in the
different applications.

Remark 2:
If f = 1 then the operator C,‘: (A):F(R) — R(R) is the operator C;(4), that defined by Grzegorzewski
(2002).

Definition 2:
Let A be a fuzzy number with [A],, = [a(y), @(y)] and f(¥) is a weight function. The middle point of

the interval CS (4) = [C1.Cy]is defined as a weighted mean value of the fuzzy number A,
T+, (yl+a
M, (4) = 228 = [1 () =0 gy, ©

Example 1:
Let A=(a, b, c, d)n be a fuzzy number, Then

EI(A) = [E,(A),E,(4)] = [ﬂ(b—ﬂjnil d— (d_cjnj_ ]
2n
IM(A) = [M,(4),M,(4)] = [“[b D gLl C s 1]’
E(A) =a;rd+2(:+ 1]Eb+¢_a_d]’mﬂ) =a;rd+z Tibremad).

Example 2:
Let A be a fuzzy number with the following membership function and the weight functions

i) =2v.£() =37

{x— E}

A(x) —exp[ ], x€eR (10)

Where £ is the position of the peak relative to the universe, and @ = O standard deviation.
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We gety — cutset [A], = [8 — oy —Ln(y), 6 + oy —Ln(r}],fﬂr all ye[0,1], and hence

1 1 IE
€= f fi¥aly)dy =2 f y(6—ov—Ln())dr =6 _w'|§ o
o o
1 1 IIE
Cy = f fily)a(y)dy =2 f y(6 +o—Ln())dy = 8 i
i) o -
le.
[T I
cirA)=[6- _[z0,0+ |=a]
d ( :] [ ‘\IISJJ +“\||Sﬂ]

The operator C,‘; 1[1‘1] is the nearest weighted interval approximation of the fuzzy number A with respect to
the weighed metric d that given by (5). Also,

I I

£2 _ | T | T
CilA4)=1[8 —dﬁﬂ,ﬁ + ‘\llﬁﬂ]'

Example 3:
Consider the fuzzy number C with  —cut set

[E(T:]:E(Tj] = [_*ul'l 1— Yoy 1— T]:

and the weight function f{¥) = 2y. Then our the weighted interval approximation is [-0.533, 0.533] and the
interval approximation of Grzegorzewski (2002) is [-0.667, 0.667] (see Fig.2). Also the weighted point
approximation is M - () = 0.

0.6

0.2

-1 o 1
Fig. 2: Fuzzy number C and the two interval approximations.

Fig.2 shows that with change the weight function f the interval approximation is changed.

3. Fuzzy intervals based on expert opinion:
In this section we will to estimate the value for a certain parameteré. First assume that we have only expert.

Let &, be the smallest possible value forf, let &5 be the largest possible value for, and let &5 be the most likely
value. We can ask the expert to give values for &;,8,,8;and we construct the triangular fuzzy
estimatord, = (8,,8,,8;) for 8. Now suppose we have N expert. We still want to construct a triangular fuzzy

estimate for 8, = (8,,8,,85). The easiest way to do this is to ask the experts for their 8y;, 85;, 85;, for
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alll = i = N, and then take average of each component. For find the confidence interval we use from the
intersection of confidence intervals for all fuzzy numbers 8. Let 8;; = 6, and 85, = 85 for any
1= i = N, this means that for all "-Eie support functions are equals. Hence, the following interval and point

estimators are introduced for the fuzzy parameter 8.

£1(5)= [5.(9).2 ()

Where
E, (6) = max(E, (8), 1= 1 <}, (12)
E,(8) =min{E,(6,),1 i < N[E ()1 =i < N}}, (13)

(14)

=y E (B )+E,(D
£ (5) = 5050
Exampleﬁl: _ _

Let 8, = (0,1,4),6, = (0,2,4),68; = (0,3,4) be three triangular fuzzy numbers (see Fig.3). We get the
following table:

El IM E M
ﬁi [0.5,2.5] [0.667,2.000] 15 1.333
B [1.0,3.0] [1.333.2.667] 2 2
ﬁﬂ [1.5,3.5] [2.000,3.333] 25 2.667
ﬁ [1.5,2.5] [2.000.2.000] 2 2

1:

B] 67
83
a 1 2 3 4

Fig. 3: Fuzzy numbers 8;, 8,,8;.

-
&

When one of the methods to find the interval estimators is not proper, we apply another method, e.g.
In (5} — [2,2) that cannot be as a suitable interval-valued mean. If we apply simple method of take the

average of each component, and then we have g = (0,2,4).
We can also apply other methods to find the interval estimators from the fuzzy sample data as follows:

[E?;»_Ef_ (8;)a B; (5 (B ) EL,E(8;)a B; (Eg ':9[:'3']

= A = ) )
El (E) E?:;ﬂgi':g:'_'ig[:l} ' E;[\:«_ﬂé’[': E:[E[:I} "
= E?‘:'_M»_[E[ :IAE -[Mf_[ai:l_} E‘?:'_Mi I:E[ :IAE'(M:I:E[ :I}
IM (éj a l T4 (n.(®)) 7 EE, 45 (1.030) ] "
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The above intervals are interval-valued estimators from the approximation intervals of the fuzzy sample
data. For Example 3, we obtain

er(6) =113, 1 (8)=[1.333,2.667]

Definition 3:
(Nguyen and Wu 2006) Let X be the universe set, and {F,; = [a.b;];a,. b, e R,i=12,..,n}bea
sequence of random fuzzy sample on X. Then the fuzzy sample mean value is defined as follows:

Fx = [_ i=1 @~ Zi=1 ;] (17)

Example 5:
Consider the fuzzy intervals EI; = [0.5,2.5],El, = [1,3], EI; = [1.5,3.5] from Example 4. Then

the fuzzy sample mean value is EI = [1,3].

Example 6:

Letthe intervals x; = [2,3],x, =[3,4],x3 = [4.6],x, = [5,8],x: = [3.7],.x, = [2,5]
be the beginning salary for 6 new master graduated students, Then fuzzy sample mean for the beginning salary
of the graduated students will be

B 2+34+44+54+434+2 34+44+64+84+74+5
x = ’
6 6

]=[3.17,5.5]

Example 7:
Let the fuzzy time series{X,} = {X,1,%,5, .... X, ), be the variation of a stock’s value with n days (see

Fig.4). We can compute the interval-valued means of the stock’s value as

1,221} = {[x1,,22,,], [x1,, 22,.], ... [x1,,, 22,1}

So

(] 1
=) Ty )
=[- > x1,.,— x .
L) xla ) 22
i=1 i=1

Note that [x 1:5;12&] are interval approximations from the fuzzy numbers %,, 1 = 1,2, ..., n
Now we shall de ne the fuzzy correlation between X, X, that is called the kth order autocorrelation

of {X,}The sample estimate of this fuzzy autocorrelation, is calculated using the formula:

Fr, = [&,Fk] = [min{r1,,r2,}, max{rl,,r2,]] (18)
Where

! iz k[xl —x1 )[xl xlr]

'r' =

- IR (xl, — x1,)?
z n -k _
x2,, —x2, )(xZ, —x2
= ) 3)

iz k[xE — x2,)?
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n T

1

_ 1 _
xl, =— xl,.,x2 =— 2
- i oy nzx £
i=1 i=1

Autocorrelations are used extensively in time series analysis and it is a correlation coefficient. The above
autocorrelation function can be used for the two purposes, to detect non-randomness in fuzzy data and to
identify an appropriate time series model if the fuzzy data are not random. When the autocorrelation is used to
detect non-randomness, it is usually only the first (k=1) autocorrelation that is of interest. When the
autocorrelation is used to identify an appropriate time series model, the autocorrelation are usually plotted for
many lags (k=1, 2, ..., n-1). However, the Fr, plays an important role in the estimation of fuzzy time’s series
models.

Fig. 4: Fuzzy time series.

In the Table 1 the interval-valued means of fuzzy numbers are summarized.

Table 1: The interval-valued means of fuzzy number A.
Previously New

CHEI(A),IM(A),FX CE EI*(A),IM*(A), Fr,

4. New interval approximations of fuzzy numbers:

In this section, first some the definitions and notations are recalled. Then we introduce a new and natural
definition of the percentiles of fuzzy numbers. The median value of a fuzzy number was defined by Dubois and
Prade (1987) as the numerical value from the support function, it that equally, divides the area under the
membership function.

Definition 4:
The median value of a fuzzy number A is the numerical value Me (A) of the support function so that
Me (A 1 rd
[ a(x)ydx = 2 [ A(x)dx. (19)
Definition 5:

Let A be a fuzzy umber with  the membership function A(x) so that  x, = min {x|4(x) = 1}
and ¥, = min {x|4(x) = 1}. Then the interval IMe = [Me, (A), Me,(A)], from the support function
is defined as the interval-valued median of the fuzzy number A, where Me; (A) and Me, (A) obtain by solving

1@ aGdx =1 [P a@adx, [55 a0dx =1 [7 A @

yo
For example, let A = (a, b, ¢, d),. Then

IMe = [Me,(4),Me,(A)] =[a+ (b — a)27V/* 1) g — (d — )27V (nF1)],
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One can see that for the fuzzy number A(a, b, c,d),, IMe = [4]_, sothat

o= 2—1.-"|:n+ 1}2—1.-"|:n+1}

This means that at least membership grade for the interval-valued median of the fuzzy number A
. —-1/({n+1)
is 2™ .

Fuzzy set A defined on the universal set X can be characterized by several numerical properties:
The height, the cardinality and the width of A.

1. The height:
_ sup A(x).
hgta xeX

2. The cardinality:
When supp A = {xeX|A(x) = 0} isa finite set, then the cardinality of A is

4] = Z Ax).
xesuppd

When supp A is infinite, then |4 is
Al = [, A(x)dP(x), (21)

Where X is a measurable set and P is a measure on X such that
J dP(x) = 1.
X

In this case, for e (0,1] the cardinality of

@ —cut[d], = (xeX |[A(x) = @} is |4,] = [, dP(x)and |4;] = [, dP(x).

U
Then the width of A is defined by

sup
wdtd = &E[O,l]{IAE |} = |A|}|-

If Ais a fuzzy number then hgtd = 1, wdtA = a,(0) — a,(0) and

4] = L Alx)dx = J:(az[cx] —a,(a)da = S(A4).

We now will introduce another interval for fuzzy numbers. For any ¥ € [Q,1] and the function
a(y) € (0,hgtA], we define

Satyy@ = [FV[ay(a) — a,(a)]da, 22)

Where (¥ )is a non-decreasing function in term 7 € (0,1), and an alpha-level set of the fuzzy number A.
Note that SE,:F} (A] is the area under membership function and below the cx[}*]-level set of the fuzzy number
A (see Fig.5). Therefore
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Sapy(A)=0if aly) = 0, S,.,(4) =S(A)if aly) =1.

(1) |
= A :
o™ \
. a, (oY) *T} ﬁzt;ﬂtw}] N
)

Fig. 5: Fuzzy number A and its interval approximation.

Definition 6:
Let A be a fuzzy set on the universal set X. The value a@(y) € (0, hgtd] is called the 100y th
percentile alpha-level of A with respect to the cardinality of A if

S lA)

STA) (23)

For given value v € (0,1], we obtain the value (}’] Then a percentile interval approximation of A is

Caryy (A) = [a,(a(¥)), a,(a(3))]- (24)
Notice: if ¥ = 1 then @(y) = 1,and so Cp,y (4) = C1(4) = [b, c].

Theorem 1:

Let A be a fuzzy number with [H]E = [:xl(a:], g [c:r:]]; and & is a non-decreasing function and
0=v1=v2=1Then
(i:]‘sm:}rl} (ﬂ:] E SECI:}I'E:I [A:]

(1) Caryry (4) = [ay(@(¥2)), as(a(¥2))] € [a,(@(¥1)), ay(a(¥1))] = Coppry (4).

Proof. The proof is obvious (see Fig.5 and Fig.6).

| /\
ofy,) /, \
atr,
'D ——

-
Coy )

Fig. 6: Fuzzy number A, and the two interval approximations.
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Theorem 2:
Let A € F(R), a(¥) be a uniform sequential from ¥ , and {0 < ¥, <1,m =1,2,..} be an
increasing sequential of real numbers such that

lim ¥m = 1.
m — oo

Then

lim Crx(}fm} = hm[al[a(}'rmj)r g (_a (ij)] = [al(ljraz (1j:| = [br C].

Proof:
Since ¥, — 1 then cx(}-'m] — 1. Therefore, by using (23) and (24) the theorem proves. This theorem

shows that with increasing the value ¥, the fuzzy interval tend to a crisp interval.

Example 8:
Let A = (0, 1,3, 4)be a trapezoidal fuzzy number with [4] , = [«,4 —«]and ¥ = 0.5. Then we obtain

o 1
Sains = J. (4 — a—a)da=0.5x%5(A) = D.SJ. (4 —a—a)da, so
() o

@(0.5) = 0.4189 and ¢, , , = [0.4189,3.5811],

If y = 0.7 then we get «(0.7) = 0.6216 and Cpq 5, = [0.6216,3.3784].

Observe that the value alpha-level=0.4189 of A is correspond to 50th percentile with respect to the
cardinality of Aand 5 i 53-

And clearly, [0.6216,3.3784] = Coton € Cotpm = [0.0.4189,3.3.5811] (see Fig.7).

The above interval approximations of a fuzzy number are new and interesting such that can be applied for
comparing of fuzzy number in different problems.

1 —
A
(1(07) = D.8Z216} = a1 frorrmrm e L R
@(0.5) = 0.4189
] 1 3 4

Fig. 7: Fuzzy number A from Example 8.

Up to now in this section we have introduced a new type of the percentiles and interval approximations of a
fuzzy number, and some their properties are mentioned. Also, we will present another definition of the
percentiles of a fuzzy number as follows:

Let 4 € F be a fuzzy number with the membership function A(x) and

Spa(4) = 7 a)dx, (25)
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Where y € (0,1) and P* € suppA = [a,d]. If P =a then SPA (4)=0, and if P#=4d then
Spé (4) = 5(4) = Card(a)(see Fig.8).

Fig. 8: Fuzzy number A and its ¥th percentile.

Definition 7:
Let A € F. For any ¥ £ (0,1) the value F‘}ff‘l is called the 100yth percentile of A with respect to the

cardinality of A if
5P¢ (Al B
s ! (26)

In practice, this definition is more simple and interesting than Definition of Bodjanova (2005); especially,
it is consistence with the definition of the percentiles in the probability and statistics contexts. We introduce an

application of the percentiles [P}fi) by the following definition.

Definition 8:
Let A € F.Foranyy € (0,0.5), the interval

PI&

it =[RAPE,] @7)

called the interval 100(1 — 2y)% of the fuzzy number A.
Assume a_(y) = min (A [Pf},A[Pf_},)},y < 0.5, then we define the new interval of A as follows:

CIZ.., = las(a. (1)), ay(a. ()] 28)

The above intervals (26) and (27) showed in Fig.9. We can apply these fuzzy intervals for solving some the
economical and financial problems, and transforming fuzzy matrices to interval matrices in the fuzzy analytic
hierarchy process (FAHP).

o, ()

Fig. 9: Fuzzy number A and its interval approximations.
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Example 9:
Let A be a fuzzy number with the following membership function

x—py®

A(x)=e =2 ,x,u ER,0 > 0. (29)
This function is called as a Gaussian membership function with a maximum value of 1, X is the independent

variable on the universe, g is the position of the peak relative to the universe, and @ = O standard deviation.
Then for any a € [0,1] we have

[4], = [ —ov+2In(a), u+ o/ —2In(a)].

We obtain the percentiles of fuzzy number A as follows

B} fx—p® N ¢ o -
J. e 20 de=1y J. e 20 dx = yVing,
So,

B o fEmp®
J. " 20t gdx =
e V2TT

Consequently,

A
'P}‘

0= E_D=v,

Therefore,

Bi=p+a07(y); v €(01),

Where @(. ) is the standard normal distribution function. For instance:
By = u+o0101) = u— 1.280,

P, =pu+o071(09) =p+1.280.

The interval

PIfi_2v01) = [Pf1) Pioo1y] = [w—1.280,p + 1.280].

is an interval 80% of fuzzy number A with respect to its cardinality. If A is a symmetric fuzzy number then

Pf.fi—:xu.lj = [R%.l}rzli_ P.:%.l}] =

[w—1.280,2p— (L—1.280)] = [u— 1.280, p + 1.28a].

Furthermore,

cr;jw:ﬂ = a, (y) = min(A(P3),A(Ffs)) = min(0.44,0.44) = 0.44,
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Clfy sy = [u— 1280, 1 + 1.280],

n

and this interval shows that 44th percentile (alpha-cut) of A in terms of the height of A is constructed an interval
80% of fuzzy number A with respect to its cardinality. Also we obtain «(0.65) = 0.44,this means that
Salo.es) ()
s(a)
corresponding to 44th percentile in terms of height of A(a(y) € (0, hgt4)). Note that in this example we

= 0.65. In other words, 65th percentile of A with respect to cardinality A as the horizontal is

cannot compute the 100¥th percentile alpha-cut of A with respect to the width of A that introduced by

Srop oy ld
Bodjanova (2006). Because the interval 1 = [y, u] yields that —’;—fi}—} =0

5. Mode values and interval-valued mode:

In this section, First the three mode values of a fuzzy number are recalled, then we introduce a new mode
value and several interval-valued modes of a trapezoidal fuzzy number. These points and intervals from the
support function of the fuzzy number A are point and interval estimations with utmost membership grade. Let A
be a fuzzy number with the continuous membership function. The mode value of A is defined as

Mode(A) = {x]|A(x) = 1}

A fuzzy number may have one or more than mode values.
Let A = (a, b, ¢, d) be a trapezoidal fuzzy number with continuous membership function A (x), we study
four mode values for A.
(1) The first mode value of Ais: FMo(A) = min {x|A(x) =1} =b.
(2) The last mode value of Ais: LMa(A) = mix {x|A(x) = 1} =c.
(3) The third mode value of A is middle point of the interval 1rmo(4) = [FMo(A4), LM o(A)], this means that,
FMo(A) + LMo(A) b+ec
2 o2
We can rewrite the above items as follows:

Let supp(4) = {x € X|A(x) = 0} and Core(Ad) = {x € X|A(x) = sup, ., A(x)}, where X is
universe set and restrict to a bounded subset of the real line e.g. [a, d]. Then for a fuzzy number A we have
FMo(A) = minCore(4), LMo(4) = maxCore(4),

MMo(A) =

minCore(d) + maxCore(A
MMo(A) = (4) 2 ( j.
(4) By geometry analytic, we propose a new method to find the mode value of a trapezoidal fuzzy number (see
Fig.10). Let A = (@ b, ¢ d be a trapezoidal fuzzy number, and let

P, = (a,0), B, =(c.1), P, = (b,1), P,(d,0) be four points on A. Also, suppose (xy,.¥u,) D€ the
intersection point of lines p, P, and P, P, (see Fig.10), then we get the lines

and” P,B,:y= 2%, therefore
- d-b

cd—ak (c+d—a—kl—{cd—ab)
[xwﬂ.!-"‘rwﬂ.] = - - ¥ - .
: - (c+d)—(a+h) lc—a)ictd—a—h)
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Fig. 10: Fuzzy number A and its modes.

Definition 9:

Let A = (a, b, c, d) be a trapezoidal fuzzy number. The new mode value of A is defined as

_ cd—ab
NMo(A) = (c+d)—(a+b) (30)
the membership grade NMo(A) is 1, this means that A(NMo(A)) =1.
Theorem 3:
A cd—ab
Let B = (a, b, ¢, d),. Then the new mode value of the fuzzy number B is NMo(E) = oo —arp@d

B(NMo(B)) = 1.

Proof. The proof is simple.

This theorem shows that if k is the new mode value from the trapezoidal fuzzy number A = (a, b, c, d),, then
k is the new mode value of fuzzy number B = (a, b, ¢, d), too.

However, we can consider the four values for the mode of trapezoidal fuzzy number A, also there are the
six interval-valued modes as:

IM,, (4) = [FMo(A),LMo(A)],IM,,(A) = [FMo(A), MMo(A)],
IM,;(4) = [MMo(A),LMo(A)],IM,,(4) = [FMo(A4), MMo(4)],
IM,;(4) = [NMo(A),LMo(A)],

IM,.(4) = [min(MMo(A), NMo(A)),max(MMo), NMo(A))].

The above intervals can be applied in the problems of interval and fuzzy equations solution that are of
perennial interest, because of their direct relevance to practical modeling and optimization of real- world
processes including finance, economy, mechanic and etc.

Example 10:

Suppose that a form produces a product that can be soled for a price of P per unit such that its total annual
revenues equals TR = P.Q. The variable Q represents the number of units of the product produced and sold by
the firm. Further suppose that the firm incurs two types of cost in its production process, fixed and variable.
Fixed cost FC include overhead expenditures totaling per year. Variable cost VC incurred by the firm include
raw materials and direct labor. Total variable costs are simple the product of variable cost per unit VC and total
production output Q. The firm’s profit function is defined as follows as total revenues minus the sum of fixed
and variable costs:

n=P.Q — (FC+VC.Q)
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We can observe from the above equation that if the firm were to maintain an output level Q = 0, its profit
would equal -FC due to its fixed costs. As the firm’s output (and sales level) Q increases, profits @ will

increase. The firm’s break-even production level is determined by solving for Q when profits 7 equal zero, and

hence, the following expression can be used to determine the break-even production level when the firm has
linear revenue and cost function:

Now let we have a case of uncertain for P,Q and VC. Therefore, we suppose that these variables are fuzzy
intervals as

P=[P,P,],Q =[Q.Q,].VC = [VC,VC,],
then the fuzzy firm’s pro t function is defined as follows:
[ﬂlrﬂ':] = [Pj_r P:] [er@z] - [FC + [L’Cl,L-'Cz] [Qj_r Q:]:]:

so the break-even product level interval obtain as:

[Q1,@z] = [min {

FC FC FC FC
= 3.

. }, max { .
P,—VC, P,—VC, , —VC, P, —VC,
For instance, if P =[9, 11], VC = [5, 7] and FC = 1000$, then the break-even product level interval is

[;, @3] = [166.67.,500).is [Q;,Q;] = [166.67.,500].

Note that we can apply other fuzzy intervals to obtain the break-even product level interval.

Definition 10:
(Nguyen and Wu 2006) Let U be the universe set, X = {x,,x,, ..., X Ja set of k-linguistic variables on

U, and {FI, = [a,, b,];a,b, ER,i = 1,2,...,n} be a sequence of random fuzzy sample on U. For each
sample FI, If there is an interval [c, d] which is covered by certain samples, we call these samples as a cluster.

Let MS be the set of clusters which contains the maximum number of sample. Then the fuzzy mode FIMo is
defined as:

FIMo = [a,b] = {n [a;, b]l[a;.b;] = M5}. (31)

If [a, b] does not exist, then this fuzzy sample does not have the fuzzy mode.

Example 11:
Let U be the universe set which can be seen as an interval set,

F1, = [.5,1.5],FI, = [1,1.5],FI, = [.5,2.5],FI, = [.25,1],FI, = [.5,2]

be the fuzzy intervals for the hours of exercise per day. Then, the fuzzy mode is FIMo = [a, b] = [0.5,1].

In the Table 2, the point and interval approximations of the fuzzy number A = (a, b,¢,d),, with utmost
membership grade are summarized.

Table 2: Point and interval approximations with utmost membership grade.
Point approximations | Interval approximations
Previously New Previously New
FMo, LMo, MMo NMo IMo1, IMo2, IMo3, IMo4, IMo5, IMo6
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6. Approximations comparison:
In this section, we compare some of the point and interval approximations of fuzzy numbers with each
other.

Theorem 3:
Let A be a symmetric fuzzy number with [4], = [k — s(a).k + =(a)]. and 4,4, be real numbers. Then
E(A) =M(A) =Me(d) = Mo(A) = k. (32)

E( A+ A) = MU A+ A,) = Me(l, A+ A,) = Mo(l,A+ A,) = Ak + A,. (33)
Note that k = M, foralla € [0,1].

Theorem 4:
Let 4 € FET(R).and £(x) be a monotone weighting function. Then

lim  ¢i(A) = [b,c] =c,(A)

Proof:
Suppose that f(c) be a monotone weighting function and A e FI(R) with o—cut set

[A], = [a +(b— a]ai,d —(d- c]ai]. Then c&(4) = [c,,Cy], where

C, = j fla)(a+(b— r:r,]rx-%da: =a+(b—a) j f(rx]rx%da,

Cy = J. fla)(d—(d— c]cx%dcx =d—(d— C:]J. f(cx]cx%da,

Since the function f(«) is non-negative, monotone and it does not depend on n, furthermore

. 1
lim an= 1,[ fla) = 1.
0

T — OO
Hence, by using theorems in the mathematical analysis we have
lim C,=a+(b—a)=h, limCy;=d—-(d—c) =¢
mn— 00 Tn— 00
0]

lim  ¢l(4) =[b,c] = C,(A).

n —» 0o

Theorem 5:
LetA € FJ(R). Then

IMo(A) = C,(4) = [b,c] € IM(A) € EI(A). (34)

Theorem 6:
Let A € F(R) andy £ (0,0.5). Then

PIf,, = [BAPL,] € [a(a.(¥)) ax(a. (¥))] = CIZ . (35)

Proof:
We consider the different cases.

Case 1:
If B P, < b, theno, (v) = A(P?), 50
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ay [rx$[}*:]] = F},A, a; [cx$[}{]) =bz= Pf—}f’
Consequently,
(5%, PE, ] < [as(a (M) az (@ ()]

Case 2:
— A
If P*<bb= P <cthena,(y —A[CPY ). s0

a,(a,() = P4 ay(a,() zc = PL,,
Consequently,
[ R EHCAGD) EHCACD)) |

Case 3:
If PP <b,c< PE, < a,(A(RM), thene. () = A(R}),s0

ay(a.() =Bt ay(a.() =P, = ¢,
Consequently,
(24 PL,] < [ai(a. (1) ay(a. ()]

Case 4. If P;’" Zhc=a, [A(Pf‘j] = P{";y, thener, (y) = A[P{‘EY)J S0

ay(a.(n)) = P, a,(a. () < B <b,
Consequently,
(2% PE,] < [ay (@ (1) @y (@. ()]

Similarly, one can check other cases.
Remark 4. If A EF be a symmetric fuzzy number with [A], = [k —s{a).k+ s(a)] and

y € (0,0.5), then
CIZ .,y =PIy, = [BA2k — BA). (36)

Note that our method (Fig.11 (3 ) and Fig.11(4)) to obtain the percentile approximations of fuzzy numbers
are different from Bodjanova method (2006) (Fig.11(1) and Fig.11(2)), because
1. Our method is consistent with the probability and statistics contexts. As the percentile is a point below which
a stated percentage of the observations lie.
2. The interval approximation in Fig.11(1) (Bodjanova 2006) and Fig.11(3) (our method) equals, but the
methods are different.
3. In Fig.11(4) (our method), the interval is obtained based on the definition of the percentiles in the statistical

methods, and we get only an interval approximation, but Fig.11(2). Bodjanova (2006) method says there is the
interval Ix = [x4,2; |from the fuzzy number A that it is include 100¥%th of the area under membership
function of fuzzy number. This means that % = . Obviously, in our method the mathematical computing

is more simple than Bodjanova method (2006).
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Fig.11: Fuzzy number A and interval approximations.

Note that the Fig.11 is also valid for other fuzzy numbers. We summarize the point and interval
approximations of the fuzzy number A based on the percentiles in the Table 3.

Table 3: Point and Interval approximations.

Point approximations Interval approximations
Previously New Previously New
Me A
P; IMe, [a, (a(y)), a;(a(y))], Cary)
Ix = [x4,%,] L T )

7. The correlation coefficient between two intervals:

In this section, we introduce a type of correlation coefficient between two intervals such that its range is in
[-1,1]. Correlation analysis is more concerned with the nature of the relationship between the two variables, with
a central focus on the strength of that relationship. Thus, we state the following correlation measure.

Definition 12:
LetI, = [a,,a,] and 1, = [b,,b,] be two close intervals, where

g, b, ta, b,
plylp) = === 37
[ (ai+al)(bi+b])

is called the correlation coefficient between 1, and I».

Remark 5:
For all the close intervals I, and I, we have

(Dp(ly, 1) =p(l L),

(i) If I, =1, then p(1,,1,) = 1.

(iii) If I, = ¢l, for some c = O, then p(1,,1,) = 1.

()lp(ly L) < 1.

Now, let [A], = [by (), b, ()] be two fuzz numbers, then for any a € [0,1] we define
a,lalb, (o) ta, (o) b, a)

pol(A, B) = —Lebaids P50 (38)
J(@i @+l (@) (B3 +3(a))

This correlation coefficient analysis the joint relationship of two fuzzy intervals can be examined with the
aid of a measure of interdependence of the two intervals. Typical subject for correlation analysis are the
association between height of father and height of son, between score in mathematics and score in statistics, etc.
Also the correlation coefficient between fuzzy intervals ranges in [-1,1], which can correlate fuzzy concepts
such big vs. heavy; beautiful vs. ugly, etc.
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Example 12:
Consider the triangular fuzzy numbers A = (0,0,1) and B(0,1, 1) (see Fig.12). We obtain

po(4,B) =1, p,,(A,B)= 0955 p,.(4,B)=0.981, p,,(4 B)=0958,
Posl(A, B) =0928, p,.(A,B)=0894, p,. (4, B)=0857,
Po- (A B) =0819, p,.(4,B)=0781, p,,(A B)=0743,

0

Fig. 12: Fuzzy numbers A, B and intervals approximations.

The above example shows that the correlation value of between two fuzzy numbers A and B decrease with
increasing of a. We also can compute the correlation coefficients between the fuzzy intervals that introduced in
before sections. These correlation coefficients show not only the degree of the relationship between the interval-
valued intuitionistic fuzzy sets, but also the fact that these two sets are positively or negatively related, which
are better than the correlation coefficients that lie in [0,1].

Example 13:
Consider the following interval approximations from Example 4.

E1(6) =[1525]1M(6) = [2.2],
E* (8) = [1,3],1M* (§) = [1.333,2.667].

We get o(ElLIM) = 0.8701 and p(EI*,IM*) = 0.9900,
This example shows that the relations (15),(16) have more information than relation (11); intuitively.

Example 15:
Consider the five triangular fuzzy numbers are defined with the corresponding membership functions as
shown in Fig.13. We get the correlation coefficients matrix for the level & = 0 as follows:

i/1 09923 09965 09328 0.9701
3 1 0.9785 0.9524 0.9326

py=75 1 0.9948 0.9869
i 1 0.9982
g 1

Similarly, one can obtain the correlation coefficients matrices for the different levels and the interval

each pair of elements in the fuzzy AHP. However, these matrices can be applied to favorite judgment in the
fuzzy AHP.
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In the end, we mentioned several applications of the point and interval approximations of fuzzy numbers so
that one can research on them by using these operators in future, and the new methodologies propose for the
fuzzy problems.

1. The point and interval operators can be used to transform the fuzzy comparison matrices to the point and
interval comparison matrices in the fuzzy AHP, and the fuzzy data envelopment analysis (FDEA).

2. The percentiles of fuzzy numbers can be used to find the skewness and kurtusis of fuzzy numbers for the
better recognition of the patterns in the fuzzy models. For instance, we can find the skewness and kurtusis of
fuzzy numbers in the times series models.

3. Some of these operators can be used for ranking fuzzy numbers (see Goetschel and . Voxman (1986)).

4. Index numbers are measure of relative change which are usually based on rations. These operators can be
used for transforming of the price indices (Laspeyres, Fisher, Marshal, etc.) to the fuzzy price indices that play
an important role in the economical problems.

5. The interval operators may be used to estimate of the parameters of statistical models in a fuzzy environment.

8. Conclusion:

In this paper, we have introduced the weighted interval approximation of a fuzzy number, which is an
extension of the works of Grzegorzewski. The new fuzzy interval-valued means, and the interval-valued modes
of a fuzzy number are proposed. Furthermore, based on the percentiles of fuzzy numbers the new point and
interval approximations of a fuzzy number are presented. Also a type of the correlation coefficient is mentioned
for comparing interval approximations. These crisp approximately operators of fuzzy numbers are simple,
suitable and play an important role in the fuzzy problems. In future can research on the further applications of
these operators.
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